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Abstract

Complex polyhedralobjectsare often constructedfrom simpler
polyhedralobjectsusingCSG,booleansandvariousblendopera-
tionsthatproducefillets andchamfers.Skinningandshrinkwrap-
ping techniquesprovide alternatives to generatinga smoothcom-
positeobjectfrom individual objectparts. This paperpresentsan
effectiveandgeneraltechniquefor incrementallybuilding complex
polyhedralobjectsfrom simpler parts. We provide a procedural
implicit functiondefinition for a region of a polyhedralobjectthat
is star-shapedwith respectto a skeletalpoint, calleda blendcen-
ter. We extendthis definition to provide a singleimplicit function
definition for anarbitrarypolyhedralobject,whereevery region is
star-shapedwith respectto aproximalblendcenter, chosenfrom an
arbitrarysetof blendcenters.Thisallowstheapplicationof implicit
functionbasedmodelingtechniquesin constructingtransitionsur-
facesbetweenarbitrarypolyhedralobjectparts.Generalizationsof
our approachallow thealgebraiccombinationof arbitrarily shaped
andpositioned,disjointobjectparts,andis thusasignificantsuper-
setof CSG,booleans,andotherblendingtechniques.At thesame
timeoriginaldetailandcharacterof objectpartsarepreservedin re-
gionswherethey arenotinvolvedin constructingtransitionsurfaces
or donotinteractwith otherobjectparts.A completeimplemetation
of thepresentedconceptsshow polyhedralimplicit primitivesto be
a generalandefficient techniquefor building complex polyhedral
objectsfrom a modularsetof polyhedralobjectparts.

1 Intr oduction

Forming an object from parts is a commonapproachto manag-
ing complexity in the datagenerationprocess.Boolean/blendop-
erations[15, 24] can be usedto combineobject parts1 in a rigid
fashion.In Constructive Solid Geometry(CSG),theunioningand
differencingof overlappingprimitive objectsare representedin a
treestructurein which theprimitive objectsareleaf nodesandthe
Booleanoperationsare internal nodes[9, 15, 34]. Blend opera-
tions [20, 24, 25, 33] definesurfacesbetweenintersectingobject
parts. Theseoperationsare useful for modelingfillets produced
asa sideeffect of the manufacturingprocessbut arerestrictive in
the type and relative positionsof blendedobject parts. Smooth-
ing approachesbasedon implicit techniqueshave also beenin-
vestigated[3, 11]. Skinningandshrink wrap proceduresallow a
new continuoussurfaceto enveloppossiblydisjoint geometricele-
ments.Skinning[14, 16, 32] usuallyrefersto interpolatinga new
surfacethroughasetof disjointcurves;shrinkwrap,similar to con-
vex hull computation[12] refersto forming a new surfacearound
objectpartswhile imposingsomeminimum curvatureconstraint.
However, local control of the resulting polygonal complexity is
usuallylost becausetheresolutionof thenew meshis globally de-
fined.Theoriginalobjectpartdefinitionsarelost;shrinkwraptends
to smoothout the entiresurfaceof the objectpartsasthey create

1In this paper, object refersto the objectbeingconstructedandobject
part refersto anelementwhich is usedin theconstructionprocess.

smoothtransitionsbetweenelements.This is undesirablein situ-
ationswherethe object partshave beencarefully modeledto in-
cludesurfacedetail. Otherapproachesto merging meshessuchas
zippering[28, 29] show goodresultsregisteringandblendingto-
gethermultiple meshesthat are typically obtainedfrom multiple
rangescansof anobject.

An implicit function formulation for star-shapedpolyhedra
basedon ray-linearfunctionsis presentedby Akleman[1, 2]. The
analyticformulation is definedby setoperations[23, 24] andcan
get complex for large polyhedralmodels. The formulation also
makes it hard to provide intuitive local control over the function
definition and going to and from the the polyhedraland implicit
function formulationsis not straightforward. Anotherapproachto
combiningpolyhedralandimplicit surfacemethodologiesusessim-
pleanalyticimplicit functionsto approximateanddeformanunder-
lying polyhedralmesh,without changingits topology[27].

Thispaperpresentsanalternativeapproachto definingtransition
surfacesbetweenpossiblydisjoint objectparts. This approachis
usefulin situationssuchasFigure1 where

1. A smoothtransitionsurfaceis desiredbetweenobjectparts.

2. The object partsmay be disjoint and at arbitrary distances
from eachother.

3. It is desirableto retaintheoriginal polygondefinitionsof the
objectpartswhenever possible.

In orderto createthesmoothtransitionsurfacebetweenseparate
objectparts,we usean isosurfacedefinedby a summationof im-
plicit functions.Eachimplicit functionis constructedprocedurally
usinga skeletalblendcenterandthesurfaceboundaryof anobject
part.Theisosurfaceis definedin suchawaysothattheoriginalob-
ject part polygonmeshrepresentsthe isosurfacewherever thereis
no interactionwith implicit functionsfrom otherobjectparts.Thus
the original polygondefinitionscanbe retainedin areasof no in-
teraction.Thetransitionsurfaceis generatedin theareaof overlap
of two or moreof the implicit functionsandis definedsoasto be
tangentiallycontinuouswith theretainedpolygons.

While we referto therepresentationof ourobjectpartsthrough-
out the paperasbeingpolyhedral,it is importantto note that the
implicit function formulationsof Section3 andSection5 aredi-
rectly applicableto any objectpart for which a ray-surfaceinter-
sectioncan be determined,making implicit modelingtechniques
applicableto a muchwider classof objects.Thesurfaceconstruc-
tion approachof Section4 andsomeof theimplementationdetails
of Section6, however, arespecifiallycateredto polyhedralobjects.

The restof the paperis organizedasfollows. In Section2, we
review thebasicsof surfacesdefinedby implicit functions.In Sec-
tion 3 we introducea polyhedronbasedimplicit function. These
implicit functionscanbecombinedandblendedusingstandardim-
plicit modelingand animationtechniquesto form transitionsur-
facesbetweenvariouspolyhedralobjectparts.Section4 discusses
how transitionsurfacesareconstructedfrom theblendedpolyhedral



implicit functionsby stitchingtesselatedportionsof a blendedim-
plicit surfaceseamlesslyto retainedpiecesof thecomponentpoly-
hedralobjectparts. Section5 discusseslocal spatialcontrol over
thedefinitionof a polyhedralimplicit functionsallowing thesame
polyhedralobjectpartto combinedifferentlywith otherobjectparts
whenbuilding complex objects. Sections6 presentsimplementa-
tion detailsandresultsfollowedby theconclusionin Section7.

Figure1: Blendedpolyhedralobjectparts

2 Implicit surface primitives

Implicit surfaces[7, 10, 22,35]. aredefinedby all pointswhichsat-
isfy someimplicit functionF(P)=0.A usefulsetof implicit surfaces
canbe generatedasa combinationof algebraicfunctionseachof
which is definedover a finite volume.For summedalgebraicfunc-
tions, ��� �����
	��� � ������� , where� runsover a setof primitive
algebraicfunctions �� and � is a thresholdvalue �
� � � � � . A pop-
ular classof suchfunctionsusethedistancefrom a centralskeletal
elementto definean offset surface [5, 6, 35]. An offset surfaceis
definedby a skeletalelement,� anda radiusof influence,� . We
will refer to thespacewithin a radius � of theskeletalelementas
the areaof influence. The implicit function, � , is typically based
on a scalarfunction �������� !� � � � � referedto asa densityfunc-
tion. Normally, � is at least"$# andmonotonicallydecreasingwith��� � ���%� � ��� & ���'� for &)('� and � * � � ���'� � � * � � ���'� . 2 Either
the densityfunction � or the thresholdvalue � can be modified
to control the amountof blendingbetweenoverlappingimplicitly
definedsurfaces. The slopeof the densityfunction at the thresh-
old value dictatesthe smoothnessof the blend. For the example
densityfunctionof Figure2, thresholdvaluescloserto 0.5definea
smootherblendingsurfacethanfor thresholdvaluescloserto 0.0or
1.0.

For a point � in space,a metric + with respectto theskeleton�
is computed.If + is smallerthanthecutoff value � , then ��� �������� + , �-� . For points � with metricsgreaterthan � (outsidethe
realmof influenceof theprimitive), ��� ����'� .

2In our implementationweusea family of . # functions/ 0 1 2�340 1 567 2 5 0 8 1 5 9 7 2 / : ; 1�<)= > ? 7 @ , / 0 1 2�3�> for 1�A 7 , definedusingaparameter8-<�B�? 8�C3�> .
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Figure2: Implicit Primitive Shapes

In the caseof offset surfacesor distancesurfaces,the metric +
is merelytheminimumEuclideandistancefrom � to � . Using ��D
to refer to a point on � which minimizesEuclideandistanceto � ,E � ���F�HG G �'I���D�G G , � is referedto asthe distance-function of �
for theprimitive.

��� ����'��� E � ��� � J (1)

Whensucha primitive is viewedin isolation,differentvaluesof
thethreshold� will give surfacesof differentradii offsetfrom � .

Thesimplestimplicit modelingprimitiveisasphere(oftencalled
a metaball or a blob), which is an offset surfacearounda central
point � . Otherdistance-basedimplicit functionsarealsocommonly
used(SeeFigure2). Any centralskeletalelementcanbe usedin
this formulationfor which thereis a well-defineddistancemetric.
In particular, a polyhedronmaybeused.For a convex polyhedron
in isolation,valuesof thethresholdwill resultin isosurfaceswhich
are scaled,roundedversionsof the polyhedron. Figure 2 shows
otherexamplesof offsetsurfaces.

3 Polyhedral implicit surface primitives

All of theimplicit formulationsmentionedsofararebasedonform-
ing a surfacewhich is a certainconstantdistancefrom a central
element.For the purposesof forming transitionsurfacesbetween
objectpartswhichsmoothlyblendinto theobjectpart’ssurface,we
needto definetheimplicit functionsothat,in isolation,theimplicit
surfacecoincideswith the original object part surface. Oneway
to do this would be to considerthe polyhedronasthe centralele-
mentandsetthe thresholdvalueto 1.0. However, this would not
allow us the flexibility of adjustingthe thresholdvalueto control
theblendingpropertiesof overlappingimplicit functions. In addi-
tion, becausewe oftenwish to blendmultiple objectpartstogether,
we would like to beableto locally control theblendingproperties
of the densityfunctions; this is problematicif we still want first
ordercontinuitywith theobjectpartsurfaceusingthisapproach.

For thesereasons,we provide a fundamentallydifferentimplicit
function formulation from the polyhedraloffset surfaceprimitive
describedin Section2. Ratherthanusethepolyhedronasaskeletal
shapefrom which a distancesurfaceis definedas in Equation1,
we introducea user-definedskeletalpoint " (referredto asa blend
center)within thepolyhedronandusethesurfaceof thepolyhedron
to modulatea distance-functionfrom " . We definea new star-
shaped distance-function E � ��� as

E � ���� G G �
I�"�G G
G G �-K L M N K � O P � ��� "���I4"�G G J (2)

�-K L M N K � O P � ��� "�� is thepointof intersectionof theray
I I  "�� (em-

anatingfrom " andpassingthrough� ) with thesurfaceof thepoly-
hedron(SeeFigure3).



Figure3: Polyhedralimplicit surfaceprimitive

Wenow definethepolyhedralimplicit functionF(P)to be

Q�R S�TU'VR V W�X R Y-T�Z[ R S�T T \
(3)

For a point
S

on the surface of the polyhedron
S]US-^ _ ` a ^ b c d R S�e f�T

andthus
Q�R S�T�U
VR V W�X R Y-T Zg TU
Y

.
V W�X R Y-T

is essentiallya constantscalefactor that ensures
Q�R S�TihjY

out
side the polyhedronand

Q�R S�T)k�Y
inside it. The implicit sur-

faceproducedby the polyhedron-basedimplicit function is thus
exactly the original polyhedronrepresentingthe object part for
any thresholdvalue

Y
. For points outsideof the polyhedronthe

functionvaluedecreasesmonotonicallyin valueaswe move along
any ray radiating from

f
until a point l where m m lHn f m m Um m S-^ _ ` a ^ b c d R l e f�T n f m m o V W�X R Y-T , beyondwhich thefunction

Q
evaluatesto p . As Figure3 shows, thesetof theseboundingpointsl form a boundingpolyhedronthat is congruentto the original
polyhedron,uniformly scaledby

g o V W�X R Y-T about
f

. Thefunction
for pointsinsidetheoriginalpolyhedronevaluatesto valuesgreater
than
Y

converging to a valueof oneat
f

. Theactualvaluesof
Y

andtheshapeof
V

areparametersthatprovide a userwith control
over theblendingof objectparts.

Theabove functionaldescriptionis basedon thestar-shapedas-
sumptionthat the function

S-^ _ ` a ^ b c d
is well-defined,or that for

any point
S

thetheintersectionof ray
n n qf�S

with thepolyhedronex-
istsandis unique.This imposesrestrictionson thepolyhedron,the
skeletalpoint

f
andtheirplacementrelativetoeachother. Weshow

in Section5 thatthis restrictionis not prohibitive andis avertedby
the introductionof multiple user-definedblendcenterswithin the
polyhedron.

It is alsoworth notingthatis straightforwardto extendthefunc-
tion definitionin Equation2 to useamorecomplex skeletalshaper
asa blendcenter. Thefunction

S-^ _ ` a ^ b c d R S�e r T is thenthepoint
of intersectionof the ray

n n qS�s S
(emanatingfrom

Ss
and passing

through
S

) with the surfaceof the polyhedron.
Ss

is the unique
point on r which minimizesEuclideandistanceto

S
. Therequire-

mentof uniquenessof
Ss

restrictsacceptableshapesr to a small
but veryusefulsetof elementslike line segmentsor polygons.

4 Surface construction

The constructionof tesselatedpolygonsurfacesfrom generalim-
plicit functionshasbeenwell addressed[8, 18,26, 35]. Thesesur-
faceconstructiontechniquescanbedirectlyappliedto thedescribed
polyhedralimplicit functions.

We briefly review the surfaceconstructionprocessin the case
of standardimplicit functions.Thesurfaceis constructedby sam-
pling spacedefinedby a 3D regulararrayof vertices,alignedwith
theprincipleaxes,positionedsoasto envelop theareaof interest.

Edgesconnectadjacentverticesin eachof thethreeprincipledirec-
tions. Cells aredefinedby eight adjacentverticesandthe twelve
edgeswhich connectthem; adjacentcells sharefour verticesand
four edges.Theimplicit functionis evaluatedat eachvertex of the
array. For eachedgeof the arraywhich hasonearrayvertex in-
sidethe isosurface(

ktY
evaluation)andonearrayvertex outside

theisosurface(
h�Y

evaluation),thepositionof a vertex on theiso-
surfaceis eitherinterpolatedor numericallycalculatedby repeated
evaluationsof the implicit function to be the point alongthe edge
wherethefunctionevalutesto

Y
. For eachcell of thearray, oneor

morepolygonsareformedby connectingtheseisosurfacevertices
in appropriateorder[8, 26]. Theresultingpolyhedralstructurebuilt
from thesepolygonsandisosurfaceverticesrepresentthetesselated
isosurface.A numberof fitnesscritereaof thegeneratedpolygons
helpdeterminetheresolutionof samplingor level of subdivision in
thecaseof adaptivealgorithms.Additionally tesselationalgorithms
canbeclassifiedassurfacetrackingor convergencebased[21]. The
former grows the surfacearounda partial tesselationandthusre-
quiresa seedpoint on theisosurfacefrom which to propagate.The
latter is a morerobust but exhaustive approachin determiningthe
isosurfacewithin thegrid of interest.

Thepolyhedron-basedimplicit functionsdescribedin Section3
have severaldesirablepropertiesthatmaybeexploitedby a tesse-
lationmechanism.

1. Any polygon or polygon fragmentof an object part, which
is outsidethe region of influenceof otherimplicit functions,
preciselyrepresentsa sectionof theisosurface.It canthusbe
copieddirectly to the definition of the objectbeing formed.
Thecontrastcanbeclearlyseenin theblendingof two spher-
ical polyhedralimplicit primitivesin Figure4. Theentireim-
plicit surfaceis tesselatedon the left in Figure4 asopposed
to a partial tesselation,stitchedto clippedandretainedfrag-
mentsof theoriginalpolyhedra,on theright. Thisallowssur-
facedetail presentin an objectpart which is not involved in
the formationof transitionsurfacesto remainunchangedin
thefinal object.

2. In areasat theboundaryof theoverlapof implicit functions,
the resultingtransitionsurfaceis tangentiallycontinuousto
thesurfacesof theobjectpartsinvolved.Theobjectpartsthus
provide surfacetrackingalgorithmswith a numberof seeds
from whereto propagatethesurfaceconstruction.

Figure4: Blendingsphericalpolyhedra(withoutandwith clipping)

Thestandardsurfaceconstructionalgorithmfor implicit surfaces
is modified to take advantageof the fact that segmentsof object
partswhich areoutsideof any otherimplicit functionareretained
in thefinal objectdefinition. Considerthecasein which only two
objectpartsare involved (the casein which morethantwo object
partsareinvolvedis a simpleextensionof this scenario).Thepro-
cedurefirst finds regionswhereprimitives interactby forming an
overlap box which is theintersectionof theboundingboxesof the
boundingpolyhedraof the objectparts(SeeFigure5). A tighter



overlap box canbecalculatedastheboundingbox of the intersec-
tion objectof theboundingpolyhedraof theobjectparts.For each
objectpart,theportionof its surfaceoutsideof theoverlap box does
not interactwith theotherobjectpart’s implicit function.

Figure5: Overlapbox computation

Eachobject part is clipped to the overlap box and the surface
outsideis retainedaspartof thefinal object.Thepolygonalapprox-
imation to the isosurfaceinsideof the box (the transitionsurface)
is then producedusing a standardsurfaceconstructiontechnique
mentionedabove. Figure6 shows theideausingtwo simpleobject
parts. Finally, the polyhedralsurfacegeneratedinsidethe overlap
box asin Figure6 needsto bestitchedto theclippedandretained
polyhedralfragmentsoutsidetheoverlap box.

Figure6: Surfaceconstructionby clippingandtesselation

4.1 Stitc hing tog ether inside and outside surfaces

Specialconsiderationmust be paid to polygonsintersectingthe
boundaryof theoverlap box in orderto connectthetesselatedsur-
faceinsideto theclippedandretainedpolygonfragmentsoutside.
Suchpolygonsareintersectedwith theoverlap box in orderto de-
terminethe part of the polygonto be retained. New edgesof in-
tersectionbetweenthe polygonanda faceof the overlap box are
formedasa resultof theclipping procedure(SeeFigure7). These
edgesareusedto stitch togetherthe tesselatedsurfaceinsideand
retainedpolygonfragmentsoutside,asfollows.

Eachintersectionedgelies on oneof the six boundaryfacesof
theoverlap box. Thearrayof cellsusedfor tesselatingtheinsideof

Figure7: Polygonclipping to theoverlapbox

theoverlap box form aregular2D meshoneachof thesix boundary
facesof theoverlap box ascanbeseenin Figure8. Let u-vxw y�z { |
beanintersectionedgebetweenpoints y�z { . Eachintersectionedgeu is segmentedinto a sequenceof edgesy�z } ~ z � � z } � z { by inter-
sectingit with themeshedgesat points } ~ z � � z } � , in theboundary
facecontainingthe edge(SeeFigure8). Eachinternaledgeseg-
ment w } � z } � ��~ | in thesequenceis usedasan edgein thepolygon
generatedby the surfaceconstructionalgorithm for the cell they
intersect.

Figure8: Segmentationof intersectionedgeby meshfaces

We now attendto the endpoints y�z { of the intersectionedge.
In the fortunatecasethatanendpoint lies preciselyon anedgeof
themesh,we treatits correspondingsegmentededgelikeany other
internaledgesegment.Typically, however, it is likely to lie within
somefaceof themesh.Let anendpointy beadjacentto intersec-
tion edgesu z u � . Supposetheedgeu is segmentedfrom endpoint y
to be y�z }�~ z } � � � � and u � is segmentedy�z } � ~ z } � � � � � As Figure9 shows
the surfaceconstructionalgorithmfor this cell will cut the corner
forming edge}�~ z } � ~ . This is likely to leave a surfacediscontinuity
anda triangularcrack }�~ z y�z } � ~ in the planeof the boundaryface.
Simply filling the crack with a triangle betweenpoints }�~ z y�z } � ~
would still leave a surfacediscontinuity. We proposethreewaysto
handlethis scenario:Thefirst is to alter theregularspacingof the
cellsby moving a meshedgesothat y lies on it. This will resultin



thecornerbeingrepresentedby thesurfaceconstructionalgorithm.
It, however, requiresadditionalbookeepingfor eachsuchendpoint
andglobalchangesin cell spacingwhichcanincreasetheresolution
andcomplexity of thetesselationprocedure.Thesecondsolutionis
to replacetheedge� � � � � � in theinternallyconstructedsurfacewith
theedgesequence��� � ��� � � � . The third solution,is to alter theout-
sideby throwing away theendpoint� altogetherandgeneratinga
bevel triangleto cut thecorneron thepolyhedronoutsidetheover-
lap box to matchthesurfaceconstructedinside(SeeFigure9, 11a).
We preferthis solutionsinceit allows usto interfaceour approach
with existing surfaceconstructionimplementationswithout modi-
fying their algorithms[21]. If � � is thevertex adjacentto � in the
retainedpolygonfragmenttheedge� � � � � � is replacedby thebevel
triangle � � � � � � � � � .

The intersectionedgevertices ��� � in the clippedand retained
polygonfragmentshouldbe replacedby thesegmentedvertex se-
quence��� ��� � � � � � � � � takingcareto omit theendpoints ��� � if and
only if they werediscardedasa resultof thebeveling processde-
scribedabove.

Figure9: Edgebeveling

4.2 Clipping sliver pol ygons

Thereis still oneissueto beresolvedwith respectto this approach.
Wehavenotyetconsideredthepossibilitythatbothendpointsof an
intersectionedgemay lie entirelywithin a singlemeshface. This
canoccurwith sliverpolgonsor sharpcornersintersectinganover-
lap box.

Onceagainwe proposea few approaches.As in the previous
subsectionwe canrearrangethespacingof thecell grid sothatthe
endpointsof suchintersectionedgeslie on somemeshedge. If
thenumberof problemintersectionsis large,amorebruteforceso-
lution is to usea higherresolutiongrid in thesurfaceconstruction
process.Alternatively, asa generalizationof the bevel approach,
wetraverseadjacentintersectionedgesuntil someintersectionedge
crossesthe given meshcell boundaryin eitherdirection. We thus
traverseasequenceof vertices� � � � ��� � � � � � � � � � � � , wherepoints��� � �
intersectthe meshfaceboundaryand ��� � � � � � � is a sequenceof
intersectionedgeend points all lying within a single meshface.
Therewill be a sequenceof vertices � � � � � � � � � � that are adjacent
to �� � � � � � � in the clippedandretainedpolygonfragmentscorre-
spondingto the intersectionedgesequenceformed by ��� � � � � � � .
As wasthecasewith thebevel approach,we discardtheentirese-
quenceof endpoints ��� � � � � � � andreconnectthesequenceof ver-
tices � � � � � � � � � to ��� � � in a fashionsimilar to generatinga loft sur-
facebetweentwo sequencesof points (the secondsequenceonly

comprisingthe points � � � � ). As a final alternative, just asin Sec-
tion 4.1, we canreplacetheedge��� � � usedin the internalsurface
constructionprocesswith the sequence��� ��� � � � � � � � � � � . Clearly,
if thesequenceof intersectionedgesmakesa closedloop within a
singlemeshface(SeeFigure10)or if thenumberof endpointsdis-
cardedis large,thecell grid resolutionis inadequateto capturethe
detailbeingrepresentedandshouldbeincreased.

Figure10: Overly coarsegrid resolution

5 Multiple blend center s

We now extendthe implicit functionof Equation3 to incorporate
multiple blendcenters.Multiple blendcentersare introducedfor
two chief reasons.

� For the implicit function in Section3 to be well-definedev-
erywherein space,the polyhedronmustbe star-shapedwith
respectto thegivenblendcenter. Thisis amajorrestrictionon
thepolyhedralshapesallowed.By introducingmultipleblend
centersthepolyhedrononly needsto bestar-shapedwith re-
spectto a given blendcenterin a localizedregion proximal
to it. An implicit function for arbitrarypolyhedraby usinga
sufficient numberof appropriatelyplacedblendcenters,can
thusbedefined.

� Whenblendinganobjectpartwith severalotherobjectparts,
we would like local controlof theblendingby allowing mul-
tiple centralskeletalpointsandcorrespondingdensityfunc-
tions to be defined. This canprovide intuitive local control
overblendingin differentregionsof thesameobjectpart(See
Figure12).

Let �F� � � � �F� beasetof skeletalcenterswith correspondingden-
sity functions� � � � � � � � . Givena querypoint � , theclosestskeletal
centerin thesetfor which the �-� � � � � � � � function is well-defined
is usedto definetheimplicit functionat � . Wecanthusprovidean
implicit functiondefinitionanywherein anarbitrarypolyhedron,by
introducingadditionalskeletal centersproximal to regionswhere
the �-� � � � � � � � functionis ill-defined.

Figure12showsatorusblendedwith four differentobjects,each
usinga differentcentralpoint anddensityfunction.Noticethevar-
ious amountsof hardandsoft blendingtaking placeon the same
object.Localcontrolis alsoillustratedby asofterblendat thefore-
fingerthanat thethumbin Figure15.

Defining the the implicit function valueat a point, basedon an
arbitrarilypickedEuclideanclosestblendcenter, introducesdiscon-
tinuities in the implicit functionaroundVoronoiboundariesof the
setof blendcenters.Thefunctiondefinedby any blendcentereval-
uatesto � for all pointsonthepolyhedron.At otherpointsin space,



(a) (b) (c)

Figure11: Polyhedralimplicit surfaceconstruction

Figure12: Multiple blendcenters

however, thefunctionvalueasdefinedby differentblendcentersis
likely to vary, causingdiscontinuitiesin thefunctionvalueof points
aroundVoronoiboundaries.

Functionevaluationacrossa Voronoiboundaryis madecontin-
uousby weight averagingthe valuesof functionsasdefinedby a
subsetof theblendcenters.Blendcenterswhosedistanceto apoint
is within sometolerance� � � of theclosestblendcenterdistanceto
the point, contribute to the weight averagingof implicit function
value.Theapproachis detailedasfollows:

1. Let �F  bea blendcenterwith theshortestEuclideandistance
to ¡ .

2. Let ¢ £i¤¦¥ § § ¨¦© ª «�¬%  �F«-®�¡�  ®�  �F  ®4¡�  ¯
3. Define a smoothingtolerance � � � , which will control the

smooth interpolation of function values across Voronoi
boundaries.

4. Let ¢ £¦¤�¥ § § ¨�© °F«±¬t²© ª « ³ � � � ¯ ¯ where ² is a sigmoidden-
sity functionasdefinedin Section2.

5. ´�© ¡�¯ is then obtainedas a weighted average ´�© ¡�¯H¬µ
¶« ·¸ ° «F¹ ´ « © ¡�¯ ³ µ
¶« ·¸ ° « , where ´ « © ¡�¯ is thefunction
definition with respectto the blend center �F« . We assume
herethat ´�« © ¡�¯ is well-definedfor all non-zero°F« , imply-
ing thatregionsof thepolyhedronin thevicinity of a Voronoi
boundarymust be star-shapedwith respectto all the blend
centersthat definethe boundary. Violation of this assump-
tion canbe fixed in practiceby introducingadditionalblend
centersor reducingthevalueof � � � .

6 Implementation

The procedureoutlined above has beenimplementedwithin the
Maya modelingand animationsystem. Maya hasa dependency



graph architecturethat lends itself automaticallyto the modular
combinationandfiltering of polyhedralandotherimplcit function
primitivesintuitively by auser. A blendcenteris locatedat thelocal
origin of the objectby default in our implementation.A usercan
thenrepositionor addnew blendcentersto thesetof blendcenters.
Thisimplementationcanconceivablybeextendedto usingtopolog-
ically morecomplex blendcenterslike line segmentsor themedial
axisof objectsaspartof our implicit functionformulation.

Thesurfaceconstructionalgorithmfor thefiguresshown in the
papertakes0.3secondson theaverageon anSGI º-» machine.

Surface construction is implementedasdescribedin Section4.

1. Overlap boxes arecomputedastheintersectionof thebound-
ing boxesof theboundingpolyhedracorrespondingto theob-
ject partsbeingblended.

2. The polyhedralobject partsare clipped againstthe overlap
boxes, regionsoutsidetheboxretainedandintersectionedges
computed.

3. The cell sizefor the tesselationis set to the larger of a user
definedminimum andthe lengthof the shortestintersection
edge.It mayalsobeadjustedby theuser.

4. The intersectionedgesare segmentedonce the cell size is
determinedusinga simpleBresenhamlike traversalof mesh
faces.

5. Theendpointsof theintersectionedgesareinspectedanddis-
cardedasdescribedif necessary. The clippedpolygonsare
then correctly generatedand bevel or loft trianglescreated
wherenecessary.

6. The cells correspondingto the segmentedintersectionedges
now form anumberof seedcellsfor afixedresolutionsurface
tracker asdescribedin [8].

A seamlessintegrationof theclippedandpolygonizedstructure
can be clearly seenin Figure11a, wherea cuboid blendswith a
sphericalpolyhedron.Thebeveling of edgesto preventcrackshas
beenaccentuatedto beclearlyvisible. Figure11bshows thepoly-
gonizationof theskull in Figure13. Figure11cshows thepolygo-
nizationof thearmfrom Figure16.

Function evaluation for a polyhedral implicit primitive may
seem at first to be an expensive operation involving a ray-
polyhedronintersection. For a point ¼ let the ray ½ ½ ¾¿ ¼ intersect
a polygon ¼-À Á Â Ã of the polyhedralimplicit primitive. Using the
propertiesof similar trianglesobserve that Ä Ä ÃÅ Æ Ä ÄÄ Ä Ã Ç È É Ê Ç Ë Ì Í Î Ã Ï Æ�Ð Å Æ Ä Ä�ÑÎ Ã�Å Æ�Ð Ò�Ó�Ô Õ Ö × ÔØ Ô Õ Ö × Ô 3, whereÙ Ã Ç È É Ô is thenormalvectorto theplane

of ¼-À Á Â Ã and Ú-Ã Ç È É Ô the normal distancefrom
¿

to the plane
of ¼-À Á Â Ã . Both Ù Ã Ç È É Ô and Ú Ã Ç È É Ô maybeeasilyprecomputed
for every polygon of the polyhedron. Equation3 now becomesÛ�Ü ¼�Ý Ñ

Þ Ü ß à á Î â Ð Ð Î Ã�Å Æ�Ð Ò�Ó�Ô Õ Ö × ÔØ Ô Õ Ö × Ô Ý makingfunctionevaluationat

a simplematterof determiningthepolygonof intersection¼-À Á Â Ã
for any givenpoint ¼ . To facilitatethiswepreprocessspacearound¿

firing asphericaldistributionof raysto determinetheintersecting
polygonfor theray. If thesamplingresolutionis fineenough,given
any point ¼ we canlook up the intersectingpolygonefficiently in
thedistribution tableusingthesphericalcoordinatesof ¼ ½

¿
. In

our implementationwe bilinearly interpolatethe functionvalueat
a point ¼ , obtainedusing the intersectingpolygonsprecomputed
for the four ray samplesthat bracket ¼ ½

¿
. While this can be

anapproximationto theformulationof Section3, it is efficientand
provesto work well in practice.

3 ã indicatesthedotproductof two vectors

As canbe seenin Figures13, 15 polyhedralattributessuchas
normal vectorsor texture parameterstranslatedirectly from the
polyhedronto the implicit primitive. Figure14 shows two highly
detailedpolyhedralmodelsbeingblendedattheheelwhile preserv-
ing theoriginaldetaileverywhereelse.

Figure 16, 17 shows the applicationof multiple blend centers
to characteranimation.Thearm is modeledastwo limbs blended
togetherwith an analyticsphericalprimitive. The limbs arelaser
scannedpolyhedra.Thearmis shown outstretchedaswell asbent,
wherecollision deformationinteraction[13] betweenthe polyhe-
dral primitivescausesthe formationof a precisecrease,while the
primitives remainsmoothlyblendedtogetherdue to the analytic
sphere.

Figure 18 illustratesa shapetransformation. The pillar and
woodenblockaretwo superposedpolyhedralobjectsfor whoseim-
plicit primitive functionsareweightedandaddedtogether. Theiso-
surfacerepresentingthecombinedfunctionprovidesa shapetrans-
formationon interpolationof the weights. The transformationof
variouscolor andtextureattributesis alsoillustrated.

Figure13: BlendedPolyhedralimplicit primitives

7 Conc lusion

A simpleandeffective techniquefor constructingtangentiallycon-
tinuoustransitionsurfacesbetweendisjoint objectpartshasbeen
presented.Wehaveshown atechniquein whicha tangentiallycon-
tinuous transition surface is constructedbetweenblendedobject
parts. The objectpartsmay be disjoint andat arbitrarydistances
from eachotherandthe original polygondefinitionsof the object
partsareretainedwhenever possible.

The transitionsurfaceis definedasan implicit surfaceand is-
suesrelatedto theconstructionof apolygonalapproximationto the
surfacehave beenaddressed,including forming a continuoussur-
facein theareawherethetransitionsurfaceblendsinto theoriginal
polygonalsurface,beveling theobjectpart to provide a moreaes-
theticallypleasingtransitionto thetransitionsurface,andhandling
multipleblendson asingleobjectpart.

As canbe seenfrom the images,polyhedralprimitivesare, in
general,well behaved and in a mannersimilar to their analytic
counterparts.This givesthe useran intuitive notion of the results



Figure14: BlendedPolyhedralimplicit primitives

Figure15: Mutiple blendcentersatfingersof hand

Figure16: Arm animatedusingCSGblending:1

Figure17: Arm animatedusingCSGblending:2



Figure18: Shapetransformation

while modeling. The tesselationefficiency obtainedfrom the im-
plementationis reasonableand implicit function evaluation time
comparablewith thatof ananalyticallydefinedprimitive. Theres-
olution of transitionareasis controlledindependentof the object
part’s resolution. If the overlapboxesof multiple transitionareas
aredisjoint thentheir respective resolutionscanbecontrolledinde-
pendently. It hasbeenimplementedandsuccessfullyusedto build
a varietyof objectsfrom variousparts.In particular, thetechnique
wasusedfor an applicationin which segmentsof the humanfig-
ure weredigitized separatelyandthencombinedto form a single
polygonalmesh.

Theapplicabilityof ourimplicit functionformulationin Sections
3 and5 to generalobjectrepresentationsfor which ray-surfacein-
tersectionsmay be determinedmakesfor a muchtighter coupling
betweenboundaryrepresentationandimplicit functionbasedmod-
eling andanimationtechniques.This shouldopenup new avenues
for researchonhybridtechniquesthatutilisethecomplementaryad-
vantagesof the two representations.Futuredirectionsfor work on
polyhedralobjectpartsincludethe preciseevaluationof the func-
tion efficiently andextendingthesurfaceconstructionalgorithmto
handleadaptive tesselationtechniques.
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