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Abstract

Comple polyhedral objects are often constructedfrom simpler
polyhedralobjectsusing CSG, booleansand variousblend opera-
tionsthat producefillets andchamfers.Skinningandshrink wrap-
ping techniquesprovide alternatvesto generatinga smoothcom-
positeobjectfrom individual object parts. This paperpresentsan
effective andgeneratechniqueor incrementallybuilding comple
polyhedralobjectsfrom simpler parts. We provide a procedural
implicit functiondefinitionfor a region of a polyhedralobjectthat
is starshapedwith respectto a skeletal point, calleda blend cen-
ter. We extendthis definitionto provide a singleimplicit function
definitionfor an arbitrarypolyhedralobject,whereevery region is
starshapedvith respecto a proximalblendcenterchoserfrom an
arbitrarysetof blendcentersThisallowstheapplicationof implicit
function basedmodelingtechniquesn constructingransitionsur
faceshetweerarbitrarypolyhedralobjectparts. Generalizationsf
our approactellow the algebraiccombinationof arbitrarily shaped
andpositioneddisjoint objectparts,andis thusa significantsuper
setof CSG,booleansandotherblendingtechniques At the same
time original detailandcharactepf objectpartsarepreseredin re-
gionswherethey arenotinvolvedin constructingransitionsurfaces
ordonotinteractwith otherobjectparts.A completémplemetation
of the presentedonceptshav polyhedralimplicit primitivesto be
a generalandefficient techniquefor building comple polyhedral
objectsfrom a modularsetof polyhedralobjectparts.

1 Introduction

Forming an object from partsis a commonapproachto manag-
ing complity in the datageneratiorprocess.Boolean/blencbp-
erations[15, 24] canbe usedto combineobjectpart$ in a rigid

fashion.In Constructve Solid Geometry(CSG),the unioningand
differencingof overlappingprimitive objectsare representedn a
treestructurein which the primitive objectsareleaf nodesandthe
Booleanoperationsare internal nodes[9, 15, 34]. Blend opera-
tions [20, 24, 25, 33] define surfacesbetweenintersectingobject
parts. Theseoperationsare useful for modelingfillets produced
asa side effect of the manufcturingprocessbut arerestrictive in

the type and relative positionsof blendedobject parts. Smooth-
ing approachedasedon implicit techniqueshave also beenin-

vestigated 3, 11]. Skinning and shrink wrap proceduresallow a
new continuoussurfaceto envelop possiblydisjoint geometricele-
ments. Skinning[14, 16, 32] usuallyrefersto interpolatinga new

surfacethrougha setof disjoint curves;shrinkwrap,similarto con-
vex hull computation12] refersto forming a new surfacearound
object partswhile imposingsomeminimum cunvature constraint.
However, local control of the resulting polygonal compleity is

usuallylost becausehe resolutionof the nev meshis globally de-
fined.Theoriginal objectpartdefinitionsarelost; shrinkwraptends
to smoothout the entire surfaceof the objectpartsasthey create

1In this paper object refersto the objectbeing constructedand object
part refersto anelementwhichis usedin the constructiorprocess.

smoothtransitionsbetweenelements. This is undesirabldn situ-
ationswherethe object partshave beencarefully modeledto in-
cludesurfacedetail. Otherapproacheso meiging meshesuchas
zippering[28, 29] shav goodresultsregisteringand blendingto-
gethermultiple mesheshat are typically obtainedfrom multiple
rangescanf anobject.

An implicit function formulation for starshapedpolyhedra
basedon ray-linearfunctionsis presentedy Akleman[1, 2]. The
analyticformulationis definedby setoperationd23, 24] andcan
get complex for large polyhedralmodels. The formulation also
malkesit hardto provide intuitive local control over the function
definition and going to and from the the polyhedraland implicit
functionformulationsis not straightforvard. Anotherapproactto
combiningpolyhedralandimplicit surfacemethodologiesisessim-
pleanalyticimplicit functionsto approximateanddeformanunder
lying polyhedralmesh without changingts topology[27].

This paperpresentsanalternatie approacho definingtransition
surfacesbetweenpossiblydisjoint objectparts. This approachs
usefulin situationssuchasFigurel where

1. A smoothtransitionsurfaceis desiredbetweerobjectparts.

2. The object parts may be disjoint and at arbitrary distances
from eachother

3. It is desirableto retainthe original polygondefinitionsof the
objectpartswheneer possible.

In orderto createthe smoothtransitionsurfacebetweerseparate
objectparts,we useanisosurficedefinedby a summationof im-
plicit functions.Eachimplicit functionis constructegrocedurally
usinga skeletalblendcenterandthe surfaceboundaryof anobject
part. Theisosurfceis definedin suchaway sothattheoriginal ob-
ject part polygonmeshrepresentshe isosurcewherever thereis
nointeractionwith implicit functionsfrom otherobjectparts.Thus
the original polygon definitionscan be retainedin areasof no in-
teraction.Thetransitionsurfaceis generatedn the areaof overlap
of two or moreof theimplicit functionsandis definedso asto be
tangentiallycontinuouswith theretainedpolygons.

While we referto therepresentationf our objectpartsthrough-
out the paperas being polyhedral,it is importantto notethat the
implicit function formulationsof Section3 and Section5 are di-
rectly applicableto ary object part for which a ray-surficeinter-
sectioncan be determinedmaking implicit modelingtechniques
applicableto a muchwider classof objects. The surfaceconstruc-
tion approactof Section4 andsomeof theimplementatiordetails
of Section6, however, arespecifiallycateredo polyhedralobjects.

Therestof the paperis organizedasfollows. In Section2, we
review the basicsof surfacesdefinedby implicit functions.In Sec-
tion 3 we introducea polyhedronbasedimplicit function. These
implicit functionscanbe combinedandblendedusingstandardm-
plicit modelingand animationtechniqueso form transition sur
faceshetweervariouspolyhedralobjectparts. Section4 discusses
how transitionsurfacesareconstructedrom theblendedbolyhedral



implicit functionsby stitchingtesselateghortionsof a blendedim-

plicit surfaceseamlesslyo retainedpiecesof the componenpoly-

hedralobjectparts. Section5 discussesocal spatialcontrol over

the definition of a polyhedralimplicit functionsallowing the same
polyhedralobjectpartto combinedifferentlywith otherobjectparts
when building comple objects. Sections6 presentdmplementa-
tion detailsandresultsfollowed by the conclusionin Section?.

Figurel: Blendedpolyhedralobjectparts

2 Implicit surface primitives

Implicit surfaceq7, 10, 22,35]. aredefinedby all pointswhichsat-
isfy someimplicit functionF(P)=0.A usefulsetof implicit surfaces
canbe generatedas a combinationof algebraicfunctionseachof
whichis definedover afinite volume. For summedalgebraicfunc-
tions,F(P) = F;(P) = T, where: runsover a setof primitive
algebraicfunctionsF; andT is athresholdvalue € [0, 1]. A pop-
ular classof suchfunctionsusethe distancefrom a centralskeletal
elementto definean offset surface [5, 6, 35. An offsetsurfaceis
definedby a skeletalelement,S andaradiusof influence,R. We
will referto the spacewithin aradiusR of the skeletalelementas
the areaof influence. The implicit function, F, is typically based
onascalarfunction f : ® — [0, 1] referedto asa densityfunc-
tion. Normally, f is atleastC' andmonotonicallydecreasingvith
f(0) =1, f(x) = 0forz > 1 andf (0) = 0, f'(1) = 0. 2 Either
the densityfunction f or the thresholdvalue T can be modified
to control the amountof blendingbetweenoverlappingimplicitly
definedsurfaces. The slopeof the densityfunction at the thresh-
old value dictatesthe smoothnes®f the blend. For the example
densityfunctionof Figure2, thresholdvaluescloserto 0.5 definea
smootheblendingsurfacethanfor thresholdvaluescloserto 0.0 or
1.0.

For apoint P in spacea metricr with respecto the skeletonS
is computed If r is smallerthanthe cutof valueR, then F(P) =
f(r/R). For points P with metricsgreaterthan R (outsidethe
realmof influenceof the primitive), F/(P) = 0.

2In ourimplementatiorwe usea family of C! functionsf(z) = (z2 —
1)2(az?+1) forz € [0,1], f(z) = Oforz > 1, definedusingaparameter
a€R,a#0.
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Figure2: implicit Primitive Shapes

In the caseof offset surfacesor distancesurfaces,the metricr
is merelythe minimumEuclideandistancegrom P to S. Using Ps
to referto a point on S which minimizesEuclideandistanceto P,
g(P) = ||P — Ps||/R is referedto asthe distance-function of P
for theprimitive.

F(P) = f(g(P))- @

Whensucha primitive is viewedin isolation,differentvaluesof
thethresholdr” will give surfacesof differentradii offsetfrom S.

Thesimplesimplicit modelingprimitiveis asphergoftencalled
a metaball or a blob), which is an offset surfacearounda central
pointS. Otherdistance-baseidhplicit functionsarealsocommonly
used(SeeFigure2). Any centralskeletal elementcanbe usedin
this formulationfor which thereis a well-defineddistancemetric.
In particular a polyhedronmay be used.For a corvex polyhedron
in isolation,valuesof thethresholdwill resultin isosurbiceswhich
are scaled,roundedversionsof the polyhedron. Figure 2 shavs
otherexamplesof offsetsurfaces.

3 Polyhedral implicit surface primitives

All of theimplicit formulationsmentionedsofararebasecdnform-
ing a surfacewhich is a certain constantdistancefrom a central
element. For the purposeof forming transitionsurfacesbetween
objectpartswhich smoothlyblendinto the objectpart’s surface,we
needto definetheimplicit functionsothat,in isolation,theimplicit
surface coincideswith the original object part surface. One way
to do this would be to considerthe polyhedronasthe centralele-
mentandsetthe thresholdvalueto 1.0. However, this would not
allow us the flexibility of adjustingthe thresholdvalueto control
the blendingpropertiesof overlappingimplicit functions. In addi-
tion, becauseve oftenwish to blendmultiple objectpartstogether
we would like to be ableto locally controlthe blendingproperties
of the densityfunctions; this is problematicif we still want first
ordercontinuity with the objectpartsurfaceusingthis approach.

For thesereasonsye provide a fundamentallydifferentimplicit
function formulation from the polyhedraloffset surface primitive
describedn Section2. Ratherthanusethepolyhedrorasaskeletal
shapefrom which a distancesurfaceis definedasin Equationl,
we introducea userdefinedskeletalpoint C (referredto asablend
center)within thepolyhedrorandusethesurfaceof the polyhedron
to modulatea distance-functiorfrom C'. We definea new star-
shaped distance-function g(P) as

_ 1P -
9P) = B upoint(P,C) = T

)

Polypoint( P, C) is thepointof intersectiorof therayCT6 (em-
anatingrom C andpassinghroughP) with thesurfaceof thepoly-
hedron(SeeFigure3).



Figure3: Polyhedraimplicit suriaceprimitive

We now definethe polyhedralimplicit function F(P)to be

F(P) = f(f(T) * g(P)). ®3)

For a point P on the surface of the polyhedron P =
Polypoint(P,C) andthusF(P) = f(f '(T)*1) =T. f~(T)
is essentiallya constantscalefactorthat ensuresF’(P) < T out
side the polyhedronand F(P) > T insideit. The implicit sur
face producedby the polyhedron-basedmplicit function is thus
exactly the original polyhedronrepresentingthe object part for
ary thresholdvalueT. For pointsoutsideof the polyhedronthe
functionvaluedecreasemonotonicallyin valueaswe move along
ary ray radiatingfrom C until a point B where||B — C|| =
|| Polypoint(B,C) — C||/ £~ (T), beyondwhich thefunction F
evaluatego 0. As Figure3 shawvs, the setof theseboundingpoints
B form a boundingpolyhedronthat is congruentto the original
polyhedronuniformly scaledby 1/ £~ (T) aboutC. Thefunction
for pointsinsidetheoriginal polyhedrorevaluateso valuesgreater
thanT corverging to avalueof oneat C. Theactualvaluesof T’
andthe shapeof f areparametershatprovide a userwith control
overtheblendingof objectparts.

Theabove functionaldescriptionis basedon the starshapedas-
sumptionthat the function Polypoint is well-defined,or that for
ary point P thetheintersectiorof rayCT6 with the polyhedronex-
istsandis unique.Thisimposegestrictionson the polyhedronthe
skeletalpointC andtheir placementelative to eachother We shav
in Section5 thatthis restrictionis not prohibitive andis avertedby
the introductionof multiple userdefinedblend centerswithin the
polyhedron.

It is alsoworth notingthatis straightforvardto extendthe func-
tion definitionin Equation2 to useamorecomplex skeletalshapes

asablendcenter Thefunction Polypoint(P, S) is thenthe point :'.
(emanatingfrom Pg and passing §

of intersectionof the ray 1@
through P) with the surfaceof the polyhedron. Py is the unique
pointon S which minimizesEuclideandistanceto P. Therequire-
mentof uniquenes®f Ps restrictsacceptableshapesS to a small
but very usefulsetof elementdik e line segmentsor polygons.

4 Surface construction

The constructionof tesselategholygon surfacesfrom generalim-
plicit functionshasbeenwell addressefB, 18, 26, 35]. Thesesur
faceconstructiortechniquesanbedirectlyappliedto thedescribed
polyhedralimplicit functions.

We briefly review the surface constructionprocessin the case
of standardmplicit functions. The surfaceis constructedy sam-
pling spacedefinedby a 3D regular arrayof vertices,alignedwith
the principle axes, positionedso asto ernvelop the areaof interest.

Edgesconneciadjacenverticesin eachof thethreeprincipledirec-
tions. Cells are definedby eight adjacentverticesandthe twelve
edgeswhich connectthem; adjacentcells sharefour verticesand
four edges.Theimplicit functionis evaluatedat eachvertex of the
array For eachedgeof the array which hasone array vertex in-
sidetheisosurfice(> T evaluation)andonearrayvertex outside
theisosurfice(< T evaluation),the positionof avertex ontheiso-
surfaceis eitherinterpolatedor numericallycalculatedy repeated
evaluationsof the implicit functionto be the point alongthe edge
wherethefunctionevalutesto T'. For eachcell of thearray oneor
morepolygonsareformedby connectingheseisosurficevertices
in appropriaterder[8, 26]. Theresultingpolyhedralstructurebuilt
from thesepolygonsandisosurficeverticesrepresenthetesselated
isosurfice. A numberof fitnesscritereaof the generategolygons
helpdetermineheresolutionof samplingor level of subdvisionin
thecaseof adaptve algorithms.Additionally tesselatioralgorithms
canbeclassifiecassurfacetrackingor cornvergencebased21]. The
former grows the surfacearounda partial tesselatiorand thusre-
quiresa seedpointon theisosuricefrom which to propagateThe
latteris a morerobust but exhaustve approachn determiningthe
isosurficewithin thegrid of interest.

The polyhedron-basetplicit functionsdescribedn Section3
have several desirablepropertiesghat may be exploited by a tesse-
lation mechanism.

1. Any polygon or polygon fragmentof an objectpart, which
is outsidethe region of influenceof otherimplicit functions,
preciselyrepresenta sectionof theisosurfice. It canthushe
copieddirectly to the definition of the objectbeing formed.
Thecontrasitanbeclearly seenin the blendingof two spher
ical polyhedralimplicit primitivesin Figure4. Theentireim-
plicit surfaceis tesselatean the left in Figure4 asopposed
to a partial tesselationstitchedto clipped andretainedfrag-
mentsof theoriginal polyhedrapontheright. This allows sur
facedetail presentin an objectpartwhich is notinvolvedin
the formation of transitionsurfacesto remainunchangedn
thefinal object.

2. In areasat the boundaryof the overlap of implicit functions,
the resultingtransition surfaceis tangentiallycontinuousto
thesurfacesof theobjectpartsinvolved. The objectpartsthus
provide surfacetrackingalgorithmswith a numberof seeds
from whereto propagatehe surfaceconstruction.
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Figure4: Blendingsphericabolyhedra(withoutandwith clipping)

Thestandardurfaceconstructioralgorithmfor implicit surfaces
is modified to take adwantageof the fact that segmentsof object
partswhich are outsideof ary otherimplicit function areretained
in thefinal objectdefinition. Considerthe casein which only two
objectpartsareinvolved (the casein which morethantwo object
partsareinvolvedis a simpleextensionof this scenario).The pro-
cedurefirst finds regions whereprimitivesinteractby forming an
overlap box whichis theintersectionof the boundingboxesof the
boundingpolyhedraof the objectparts(SeeFigure5). A tighter



overlap box canbe calculatedasthe boundingbox of theintersec-
tion objectof the boundingpolyhedraof the objectparts. For each
objectpart,theportionof its surfaceoutsideof theoverlap box does
notinteractwith the otherobjectpart'simplicit function.

Figure5: overlapbox computation

Eachobjectpartis clippedto the overlap box and the surface
outsideis retainedaspartof thefinal object. Thepolygonalapprox-
imation to the isosurficeinside of the box (the transitionsurface)
is then producedusing a standardsurface constructiontechnique
mentionedabove. Figure6 shavs theideausingtwo simpleobject
parts. Finally, the polyhedralsurfacegeneratednside the overlap
box asin Figure 6 needsto be stitchedto the clippedandretained
polyhedralfragmentsoutsidethe overlap box.

Figure6: surkceconstructiorby clipping andtesselation

4.1 Stitc hing tog ether inside and outside surfaces

Special considerationmust be paid to polygonsintersectingthe
boundaryof the overlap box in orderto connectthe tesselatedur
faceinsideto the clippedandretainedpolygonfragmentsoutside.
Suchpolygonsareintersectedvith the overlap box in orderto de-
terminethe part of the polygonto be retained. New edgesof in-
tersectionbetweenthe polygonand a faceof the overlap box are
formedasa resultof the clipping procedurgSeeFigure?7). These
edgesare usedto stitch togetherthe tesselategurfaceinsideand
retainedpolygonfragmentsoutside asfollows.
Eachintersectionedgelies on one of the six boundaryfacesof
theoverlap box. Thearrayof cellsusedfor tesselatingheinsideof

Figure7: Polygonclipping to the overlapbox

theoverlap box form aregular2D meshon eachof thesix boundary
facesof the overlap box ascanbe seenin Figure8. Lete = (u, v)
beanintersectioredgebetweerpointsu, v. Eachintersectioredge
e is sggmentedinto a sequenceof edgesu, p1, .., pn, v by inter-
sectingit with the meshedgesat pointspi, .., pr, in the boundary
facecontainingthe edge(SeeFigure 8). Eachinternal edgesey-
ment(p;, pi+1) in the sequencés usedasan edgein the polygon
generatedy the surface constructionalgorithm for the cell they
intersect.

Figure8: seymentatiorof intersectioredgeby meshfaces

We now attendto the end pointsu, v of the intersectionedge.
In the fortunatecasethatan endpoint lies preciselyon an edgeof
themeshwe treatits correspondingegmentecedgelik e ary other
internaledgesggment. Typically, however, it is likely to lie within
somefaceof the mesh. Let anendpointu be adjacento intersec-
tion edges, ¢'. Supposgheedgee is segmentedrom endpoint
tobew, p1, p2... ande’ is sgmentedy, p', ps... As Figure9 shaws
the surfaceconstructionalgorithmfor this cell will cut the corner
forming edgep:, pi. Thisis likely to leave a surfacediscontinuity
anda triangularcrackp:, u, p} in the planeof the boundaryface.
Simply filling the crack with a triangle betweenpoints p1, v, p}
would still leave a surfacediscontinuity We proposethreewaysto
handlethis scenario:Thefirst is to alterthe regular spacingof the
cellsby moving ameshedgesothatw liesonit. Thiswill resultin



thecornerbeingrepresentedly the surfaceconstructioralgorithm.
It, however, requiresadditionalbooleepingfor eachsuchendpoint
andglobalchangedn cell spacingvhich canincreasaheresolution
andcompleity of thetesselatioprocedure Thesecondsolutionis
to replacetheedgep:, p in theinternally constructedsurfacewith
the edgesequence, u, pi. Thethird solution,is to alterthe out-
side by throwing away the endpointu altogetherandgeneratinga
bevel triangleto cutthe corneron the polyhedronoutsidethe over-
lap box to matchthe surfaceconstructednside(SeeFigure9, 11a).
We preferthis solutionsinceit allows usto interfaceour approach
with existing surfaceconstructionmplementationsvithout modi-
fying their algorithms[21]. If ' is the vertex adjacento u in the
retainedpolygonfragmentheedge(w’, u) is replacedoy the bevel
trianglew’, p1, p1-

The intersectionedgeverticesu, v in the clipped andretained
polygonfragmentshouldbe replacedby the sgmentedvertex se-
quenceu, p1, -, pn, v takingcareto omit theendpointsu, v if and
only if they werediscardedasa resultof the beveling processle-
scribedabove.
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Figure9: Edgebeveling

4.2 Clipping sliver polygons

Thereis still oneissueto beresoledwith respecto this approach.
We have notyetconsideredhepossibilitythatbothendpointsof an
intersectionedgemay lie entirely within a singlemeshface. This
canoccurwith sliver polgonsor sharpcornersintersectingan over-
lap box.

Onceagainwe proposea few approachesAs in the previous
subsectiorwe canrearrangehe spacingof the cell grid sothatthe
end points of suchintersectionedgeslie on somemeshedge. If
thenumberof problemintersectionss large,a morebruteforce so-
lution is to usea higherresolutiongrid in the surfaceconstruction
process.Alternatively, asa generalizatiorof the bevel approach,
wetraverseadjacentntersectioredgeauntil someintersectioredge
crosseghe given meshcell boundaryin eitherdirection. We thus
traverseasequencef vertices..p, u1, .., 4, p'.., wherepointsp, p’
intersectthe meshfaceboundaryand«1, .., u, is a sequencef
intersectionedgeend points all lying within a single meshface.
Therewill be a sequenceof verticesu, .., u, that are adjacent
to u1, .., 4, in the clippedandretainedpolygonfragmentscorre-
spondingto the intersectionedgesequencdormedby u., .., uy.
As wasthe casewith the bevel approachwe discardthe entirese-
quenceof endpointsu., .., u, andreconnecthe sequencef ver-
ticesu?, ..u,, to p,p’ in afashionsimilar to generatinga loft sur
facebetweentwo sequencesf points (the secondsequencenly

comprisingthe pointsp, p’). As afinal alternatve, just asin Sec-
tion 4.1, we canreplacethe edgep, p’ usedin theinternalsurface
constructionprocesswith the sequence, u1, ..., u,, p’. Clearly
if the sequencef intersectionredgesmakesa closedloop within a
singlemeshface(SeeFigure10) or if thenumberof endpointsdis-
cardeds large, thecell grid resolutionis inadequateo capturethe
detailbeingrepresentedndshouldbeincreased.
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Figure 10: Overly coarsegrid resolution

5 Multiple blend centers

We now extendthe implicit function of Equation3 to incorporate
multiple blend centers. Multiple blend centersare introducedfor
two chiefreasons.

e For theimplicit functionin Section3 to be well-definedev-
erywherein space the polyhedronmustbe starshapedwith
respecto thegivenblendcenter Thisis amajorrestrictionon
thepolyhedralshapesllowed. By introducingmultiple blend
centersthe polyhedrononly needsto be starshapedwith re-
spectto a given blend centerin a localizedregion proximal
toit. An implicit functionfor arbitrary polyhedraby usinga
sufficient numberof appropriatelyplacedblend centerscan
thusbedefined.

e Whenblendinganobjectpartwith several otherobjectparts,
we would like local control of the blendingby allowing mul-
tiple centralskeletal points and correspondinglensityfunc-
tions to be defined. This can provide intuitive local control
overblendingin differentregionsof the sameobjectpart(See
Figurel2).

Let 4, ..C, beasetof skeletalcenterswvith correspondinglen-
sity functionsfi, .., fr. Givenaquerypoint P, theclosestskeletal
centerin the setfor which the Polypoint functionis well-defined
is usedto definetheimplicit functionat P. We canthusprovide an
implicit functiondefinitionanywherein anarbitrarypolyhedronpy
introducingadditional skeletal centersproximal to regionswhere
the Polypoint functionis ill-defined.

Figurel2 shawvs atorusblendedwith four differentobjects,each
usinga differentcentralpoint anddensityfunction. Noticethe var
ious amountsof hard and soft blendingtaking placeon the same
object.Local controlis alsoillustratedby a softerblendatthefore-
fingerthanatthethumbin Figurel15.

Defining the the implicit function value at a point, basedon an
arbitrarily pickedEuclidearclosesblendcenterintroducegliscon-
tinuitiesin the implicit function aroundVoronoi boundarief the
setof blendcenters.Thefunctiondefinedby ary blendcentereval-
uatego T for all pointsonthepolyhedron At otherpointsin space,
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Figure11: Polyhedraimplicit surfaceconstruction

however, the functionvalueasdefinedby differentblendcenterds
likely to vary, causingdiscontinuitiesn thefunctionvalueof points
aroundVoronoiboundaries.

Functionevaluationacrossa Voronoi boundaryis madecontin-

uoushy weight averagingthe valuesof functionsasdefinedby a

Figure12: Multiple blendcenters

6

subsebf theblendcenters Blend centersvhosedistanceo a point
is within sometolerancetol of the closestblendcenterdistanceto
the point, contribute to the weight averagingof implicit function
value.Theapproachs detailedasfollows:

1. Let C; beablendcenterwith the shortesEuclideandistance

to P.

. LetVk € 1.n (di =||Ck — P|| = ||Ci = P)))

. Define a smoothingtolerancetol, which will control the

smooth interpolation of function values across Voronoi
boundaries.

. LetVk € 1.n(w, = f(di/tol)) wheref is asigmoidden-

sity functionasdefinedin Section2.

. F(P) is then obtainedas a weighted average F(P) =

Shei we * Fp(P)/ 37, wg, whereF (P) is thefunction
definition with respectto the blend centerCj. We assume
herethat F(P) is well-definedfor all non-zerowy, imply-
ing thatregionsof the polyhedronin thevicinity of a Voronoi
boundarymust be starshapedwith respectto all the blend
centersthat definethe boundary Violation of this assump-
tion canbefixedin practiceby introducingadditionalblend
centersor reducingthevalueof tol.

Implementation

The procedureoutlined abore has beenimplementedwithin the
Maya modeling and animationsystem. Maya hasa dependenc



graph architecturethat lendsitself automaticallyto the modular
combinationandfiltering of polyhedralandotherimpilcit function
primitivesintuitively by auser A blendcenteris locatedatthelocal
origin of the objectby defaultin our implementation.A usercan
thenrepositionor addnew blendcentergo thesetof blendcenters.
Thisimplementatiorcanconcevably beextendedo usingtopolog-
ically morecomplex blendcenterdik e line sggmentsor the medial
axisof objectsaspartof ourimplicit functionformulation.

The surfaceconstructionalgorithmfor the figuresshavn in the
papertakes0.3 second®n the averageon an SGI Oy machine.

Surface construction is implementedasdescribedn Sectior4.

1. Overlap boxes arecomputedastheintersectiorof the bound-
ing boxesof theboundingpolyhedracorrespondingo the ob-
jectpartsbeingblended.

2. The polyhedralobject partsare clipped againstthe overlap
boxes, regionsoutsidethe box retainedandintersectioredges
computed.

3. Thecell sizefor the tesselatioris setto the larger of a user
definedminimum and the length of the shortestintersection
edge.lt mayalsobeadjustedby theuser

4. The intersectionedgesare sggmentedonce the cell size is
determinedusinga simple Bresenhaniik e traversalof mesh
faces.

5. Theendpointsof theintersectioredgesareinspectecnddis-
cardedas describedf necessary The clipped polygonsare
then correctly generatedand bevel or loft trianglescreated
wherenecessary

6. Thecells correspondindo the sggmentedintersectionedges
now form anumberof seedcellsfor afixedresolutionsurface
tracker asdescribedn [8].

A seamlesintegrationof the clippedandpolygonizedstructure
can be clearly seenin Figure 11a, wherea cuboid blendswith a
sphericalpolyhedron.The beveling of edgego preventcrackshas
beenaccentuatetb be clearly visible. Figure 11b shavs the poly-
gonizationof the skull in Figure13. Figure11cshavs the polygo-
nizationof thearmfrom Figure16.

Function evaluation for a polyhedralimplicit primitive may
seem at first to be an expensve operation involving a ray-
polyhedronintersection. For a point P let the ray CP intersect
a polygon Polyp of the polyhedralimplicit primitive. Using the

. S . [[P-C] -
propertiesof similar trianglesobsere that TPolypoini(P.0)=CT] =
(P-C)ONpoiyp 3

Rpo , WhereNp,,,, is thenormalvectorto theplane
olyp

of Polyp and Rp.iy, the normaldistancefrom C to the plane
of Polyp. Both Np,yy, andRpeyy, Mmay be easilyprecomputed
for every polygon of the polyhedron. Equation3 now becomes

—1 _
F(P)= f(f (T))(zfp ,C)GNPOlyP ) makingfunctionevaluationat
olyp

a simplematterof determiningthe polygonof intersectionPolyp
for ary givenpoint P. To facilitatethiswe preprocesspacearound
C firing asphericabistribution of raysto determingheintersecting
polygonfor theray. If thesamplingresolutionis fine enoughgiven
ary point P we canlook up theintersectingoolygonefficiently in
thedistribution tableusingthe sphericalkcoordinateof P — C. In
our implementationwe bilinearly interpolatethe function value at
a point P, obtainedusing the intersectingpolygonsprecomputed
for the four ray samplesthat braclet P — C. While this canbe
anapproximatiorto theformulationof Section3, it is efficientand
provesto work well in practice.

3@ indicatesthe dot productof two vectors

As canbe seenin Figures13, 15 polyhedralattributessuchas
normal vectorsor texture parameterdranslatedirectly from the
polyhedronto the implicit primitive. Figure 14 shavs two highly
detailedpolyhedraimodelsbeingblendedatthe heelwhile preserv-
ing the original detail everywhereelse.

Figure 16, 17 shaws the applicationof multiple blend centers
to charactemnimation. The armis modeledastwo limbs blended
togetherwith an analyticsphericalprimitive. The limbs arelaser
scannegolyhedra.Thearmis shovn outstretchedswell asbent,
wherecollision deformationinteraction[13] betweenthe polyhe-
dral primitivescauseghe formationof a precisecreasewhile the
primitives remain smoothly blendedtogetherdue to the analytic
sphere.

Figure 18 illustratesa shapetransformation. The pillar and
woodenblock aretwo superposegolyhedralobjectsfor whoseim-
plicit primitive functionsareweightedandaddedogether Theiso-
surfacerepresentinghe combinedfunction providesa shaperans-
formationon interpolationof the weights. The transformationof
variouscolor andtexture attributesis alsoillustrated.

Figure 13: BlendedPolyhedraimplicit primitives

7 Conclusion

A simpleandeffective techniquefor constructingangentiallycon-

tinuoustransition surfacesbetweendisjoint object partshasbeen

presentedWe have shavn atechniquen which atangentiallycon-

tinuoustransition surfaceis constructedbetweenblendedobject

parts. The objectpartsmay be disjoint and at arbitrary distances
from eachotherandthe original polygondefinitionsof the object

partsareretainedwheneer possible.

The transitionsurfaceis definedasan implicit surfaceandis-
suegelatedto the constructiorof apolygonalapproximatiorto the
surfacehave beenaddressedncluding forming a continuoussur
facein theareawherethetransitionsurfaceblendsinto the original
polygonalsurface,beveling the objectpartto provide a more aes-
thetically pleasingtransitionto the transitionsurface,andhandling
multiple blendson asingleobjectpart.

As canbe seenfrom the images,polyhedralprimitives are, in
general,well behaed and in a mannersimilar to their analytic
counterparts.This givesthe useranintuitive notion of the results



Figure14: BlendedPolyhedraimplicit primitives

Figure 16: Arm animatecusingCSGhlending:1

Figure 15: Mutiple blendcentersat fingersof hand
Figure17: Arm animatecusingCSGhlending:2



Figure18: shaperansformation

while modeling. The tesselatiorefficiency obtainedfrom the im-
plementationis reasonableand implicit function evaluationtime
comparablevith thatof ananalyticallydefinedprimitive. Theres-
olution of transitionareasis controlledindependenbf the object
part's resolution. If the overlapboxes of multiple transitionareas
aredisjointthentheir respectie resolutionscanbe controlledinde-
pendently It hasbeenimplementedandsuccessfullyusedto build
avariety of objectsfrom variousparts. In particular thetechnique
was usedfor an applicationin which sggmentsof the humanfig-
ure were digitized separatelyandthen combinedto form a single
polygonalmesh.

Theapplicabilityof ourimplicit functionformulationin Sections
3 and5 to generalobjectrepresentationfor which ray-surfcein-
tersectionsnay be determinedmalesfor a muchtighter coupling
betweerboundaryrepresentatioandimplicit functionbasednod-
eling andanimationtechniquesThis shouldopenup nev avenues
for researclonhybridtechniqueshatutilisethecomplementarad-
vantagef the two representations-uturedirectionsfor work on
polyhedralobjectpartsincludethe preciseevaluationof the func-
tion efficiently andextendingthe surfaceconstructioralgorithmto
handleadaptve tesselatioriechniques.
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