Topic 6:

3D Transformations

e Homogeneous 3D transformations
e Scene Hierarchies
e Change of basis and rotations in 3D



Showtime:




Logitics

* Assignment 1 Due Tomorrow
e Assignment 2 available today/tomorrow
* For assignment questions use the bulletin board or email:

e csc4l18tas@cs.toronto.edu
 “When will your slides be online ?”

 Today ©




Representing 2D transforms as a 3x3 matrix

Translate a point [xy]" by [t t]:

Rotate a point [x y]" by an anglet:
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1 0 0 1 1

Scale a point [xy]" by a factor [s, s, ]’
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Representing 3D transforms as a 4x4 matrix

Translate a point [xy z]" by [t t t,]":
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Rotate a point [xy z]" by an angle taround z axis:
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Scale a point [xy z]" by a factor [s, S, s,]7
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Elementary Rotations in 3D
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Rotation About Arbitrary Vector?
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Rotation About Arbitrary Vector?
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Rotation About Arbitrary Vector: Construction
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Scene Hierarchies




Change of reference frame/basis matrix
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Viewing Pipeline
object deli . lecti
modeling viewing projection
transform transform transform
>CTEEN 1 viewport cartesianize
transform perspective divide




Topic 7:
3D Viewing

e Camera Model

e Orthographic projection

e The world-to-camera transformation

e Perspective projection

e The transformation chain for 3D viewing
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The Pinhole Camera
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Camera model

|deal pinhole camera

Real pinhole camera
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Camera model

Real pinhole camera

Camera with a lens
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Camera model

Camera with a lens

Depth of Field
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The Pinhole Camera: Basic Geometry in 2D
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Camera model




Viewing Pipeline

object modelin world viewin rojection
g g —, Pro
transform transform transform
cannonical
view vol. 4D
<creen cannonical v
viewport 2D cartesianize
—— <

transform perspective divide



Viewing Transform




Camera model




Viewing Transform




Camera model




Viewing Transform




Viewing Transform
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Change-of-basis Matrix

—_— O O O



Change-of-basis Matrix

/ Uz Uy Uy O / 1 0 0 —eye,

Y | v vy v 0 0 1 0 -—eye,

camera Wy wy w, 0 0 0 1 -—eye,
\0 0 o0 1/\0o 00 1



Viewing Pipeline

MCG/ITLG’I"CL
object modelin world viewin mera rojection
g g —— _, Pro
transform transform transform
canonical
] view vol. 4D
<creen canhonical v
viewport 2D cartesianize
—— <

transform perspective divide



Camera model

What is the difference between these images?
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Parallel vs Perspective projection

@ Parallel: usage in mechanical and architectural drawings
@ Perspective projection: more natural and realistic

A

Y
Y

@ How to get 3D objects perspectively correct on 2D screen?

@ Note: usually your API takes care of most of this, but it's
good to know what's going on behind those function calls
(esp. when debugging your code)



Orthographic projection

* Portho =

o O
O = O
o O O
= O O



Orthographic projection

Is |[p-q| = |p’-q"| ?

If m=(p+q)/2,
Ism’ = (p’+q’)/2?




Parallel vs Perspective projection

@ Parallel: usage in mechanical and architectural drawings
@ Perspective projection: more natural and realistic

A

Y
Y

@ How to get 3D objects perspectively correct on 2D screen?

@ Note: usually your API takes care of most of this, but it's
good to know what's going on behind those function calls
(esp. when debugging your code)



Camera model

Perspective Projection




Perspective projection




View frustum

The view frustum (aka view volume)
specifies everything that the camera
can see. It's defined by @

o the left plane |
@ the right plane r Y |
@ the top plane ¢

@ the bottom plane b
@ the near plane n

@ the far plane f

For now, we assume wireframe
models that are completely within
the view frustum
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Perspective projection




Simple Perspective
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Simple Perspective
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Using Homogenous Coordinates

With homogeneous coordinates, the vector
(x,y,2,1) represents the point (z,y,2).
Now we extend this in a way that the homogeneous vector
(z,y,z,w) represents the point (z/w,y/w,z/w).

And matrix transformation becomes:

(2\ /al by ¢ dl\ (:c\
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ortho

1 0 0
Homogenous Coordinate after O 1 0
Orthographic Projection

0 0 1

0 0 O
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Homogenous Coordinate after
Perspective Projection
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Viewing volumes

wom m - = NN

Projected image

\

h, y:bottom) Z=-hear > z=-far
X=right



Transforming the View Frustim

We have to transform the view
frustum into the orthographic view
volume. The transformation needs to

@ Map lines through the origin to
lines parallel to the z axis

@ Map points on the viewing
plane to themselves.

@ Map points on the far plane to
(other) points on the far plane.

@ Preserve the near-to-far order of
points on a line.

VIEW
FRUSTUM

ORTHOGRAPHIC
VIEW VOLUME



Cannonical view volume

Map 3D to a cube centered
at the origin of side length 2!




The orthographic view volume

... how do we get the data
- (,6,n)

from the axis-aligned box I
7] % [B,2] X [n, f] to 2 — 4
2 X 2 X 2 box around the

S (71 7/ -7)
origin? Y

-Z
X
................................... (1’ _1, _1)

(r, t,f)



The orthographic view volume

(r,t,f)
Y R a—
2 o
First we need to move the -
center to the origin: L b,n)].. ; Lz
1 0 0 _z_Jer ‘
-+ _kzii Y (1,1,-1)
0 0 1 23! -
R /|,
.......................... (], = 7, = 1)




The orthographic view volume

(r,t,f)

Then we have to scale
everything to [—1, 1] e « 10 A
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Note: we divide by the length, e.g.

L1 for the z—coordinate value

= — (1,-1,-1)

(-1 -1 1)



The orthographic view volume

Since these are just matrix multiplications (associative!), we can
combine them into one matrix:

= 0 0 0\ /100 -4r
0 % 0 Oofjo 1 0 &
Morth =1 toan_fo 001—-@
o 0o o0 1/\0oo0o0 1
-l % 2 &
0 0 %5 —ay
o 0 o0 1



Homogeonous Coords and Perspective

EE——

M

Camera Space

Warped to look like
Orthographic Projection



Perspective Matrix

The following matrix will do the trick:

1 0 0
0 1 0
0 0 —f
0 0 0

Remember that
@ we are looking in negative Z-direction
@ n, f denote the near and far plane of the view frustum
@ 1 serves as projection plane

S
:|»—«:‘-|-o -
k.j
N & K

Let's verify that ...



Perspective Matrix

Mpersp

10 0 0\ [ . -
0 1 0 0 Y Y h : e
O O M _f . Z%‘t —f Omogenlzs n+f— %
o0 I o)\ 2 :

Indeed, that gives the correct values for x5 and 5.

But what about 2?7 Remember our requirements for z:
@ stays the same for all points on the near and fare planes

@ does not change the order along the Z—axis for all other
points



Verify

We have 2z, =n+ f — fzﬁ and need to prove that ...

@ points on the near plane are mapped to themselves,
i.e. if z=mn, then 2z, = n:

zs=n+f—%=n+f—f=n

and obviously z; = % =z and y, = °Z = y.

@ points on the far plane stay on the far plane,
le. if z = f, then z; = f:

and ...



Verify

We have 2z, =n+ f — Izﬁ and need to prove that ...

@ z—values for points within the view frustum stay within the
view frustum,
l.e. if z > n then 2z > n:

zS=n+f—fzﬂ>n+f—J;—"=n
and if z < f then z; < f:

ze=n+f-T<ntf-=F

and ..



Verify

We have z; =n+ f — % and need to prove that ...

e the order along the Z-axis is preserved, i.e. if
0 >n2 71 > = F then 2y, > 29,

With z13=n+f——£—?and zgszn—}—f—%weget:

_ fn_ fn _ (;1—z)fn

Zlg— A28 — P 21 2122

Because of f, z1,29,n < 0 we have ;% > 0, and
because of 21 > 29, we have z1 — 29 > 0, so

21s — 295 > 0 or

Z1s > 22s



Viewing Pipeline

MorthMpersp

Mcamera
object modelin world iewin camera rojection
— g ______, viewing Proj
transform transform transform
<creen canonical
viewport 2D cartesianize
— <<

transform perspective divide




Viewport Transform

Now all that's left is a parallel
projection along the Z-axis (every
easy) and ...

A

bl

CANONICAL
VIEW VOLUME

SCREEN SPACE



Viewport Transform

A
I
CANONICAL
Now all that's left is a parallel VIEW VOLUME
projection along the Z-axis (every
easy) and ... ‘
A
]. O O O I.’.'.'.' AAAA . _g
Mop=10 1 0 O SCREEN SPACE
0O 0 0 1



Viewing Pipeline

object

modeling

MCCL’ITLG'I"CL

world

viewing

transform

screen

mera

transform

viewport

canhonical
2D

transform

Msp

MorthMpersp

, Projection

transform

canonical
vview vol. 4D

cartesianize
perspective divide

%
nt f— L5
\ 1)



Viewport Transform

.. .a windowing transformation in
order to display the square [—1, 1]
onto an ng; X my image.

Again, these are just some (simple)
matrix multiplications
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