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14 Interpolation

14.1 Interpolation Basics

Goal: We would like to be able to define curves in a way that meetsdl@aing criteria:
1. Interaction should be natural and intuitive.
2. Smoothness should be controllable.
3. Analytic derivatives should exist and be easy to compute.
4. Representation should be compact.

Interpolation is when a curve passes through a set of “control points.”

Figure 1. *
Interpolation

Approximation is when a curve approximates but doesn’t necessarily aoittacontrol points.

Figure 2: *
Approximation

Extrapolation is extending a curve beyond the domain of its control points.

Continuity - A curve is isC™ when it is continuous in up to itsN-order derivatives. For example,
acurve is inC' if it is continuous and its first derivative is also continsou

Consider a cubic interpolant — a 2D cure¢t) = [ z(t) y(t) | where

z(t) = ag+ ait + ast® + ast?, (1)
y(t) = bo+ bit + bot® + bst’, (2)
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Figure 3: *
Extrapolation
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Here,? is the basis and is the coefficient vector. Hence(t) = ET[ a 5] (Note:T[ a 5} is
a4 x 2 matrix).

There are eight unknowns, fouy values and foub,; values. The constraints are the values(of
at known values of.

Example:
Fort € (0,1), suppose we know; = ¢(t;) fort; = 0,3,2,1asj = 1,2,3,4. That
is,
1= [ T1 % } = [93(0) y(0) ]7 (4)
Co = [ To Yo } = [ x(1/3) y(1/3) }7 (5)
=[x ys | = [2(2/3) y(2/3) ], (6)
Cqy = [ Ty Ya } = [ z(1) y(1) } (7)
So we have the following linear system,
Ty Y 1 0 0 0
vy || 113 (/32 (13 | . ¢
zs oys | |1 2/3 (2/3)2 (2/3)3 [ ab ] ®)

Ty Ya 1 1 1 1

or more compactly] # i | = C[ a 5]. Then,[ a 5} =C7'[Z y]. From
this we can findz andb, to calculate the cubic curve that passes through the given
points.
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We can also place derivative constraints on interpolantesurLet

7?(t):dil(;) _ %[175152 t3}[65] (9)
[

01t 2][a b (10)

that is, a different basis with the same coefficients.

Example:
Suppose we are given three points= 0, %, 1, and the derivative at a poinfg(%).
So we can write this as
1 Y 1 0 0 0
T2y | |1 1/2 (127 (1/2)° S P
s oys | |11 1 1 [“ b}’ (11)
Th Yh 0 1 2(1/2) 3(1/2)?
and
C1
Co B R
2| = cla i) (12)
T
which we can use to find andb:
C1
2] 1| G2
ab| =2 (13)
T

Unfortunately, polynomial interpolation yields uninivé results when interpolating large num-
bers of control points; you can easily get curves that passitiih the control points, but oscillate
in very unexpected ways. Hence, direct polynomial inteapoh is rarely used except in combi-
nation with other techniques.

14.2 Catmull-Rom Splines

Catmull-Rom Splines interpolate degree-3 curves with' continuity and are made up of cubic
curves.

A user specifies only the poinig,, ...px] for interpolation, and the tangent at each point is set
to be parallel to the vector between adjacent points. Soathgent afp; is «(p;+1 — p;—1) (for
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endpoints, the tangent is instead parallel to the vecton fite endpoint to its only neighbor). The
value ofx is set by the user, determining the “tension” of the curve.

p;
Pi

28

Between two pointsp; andp,,, we draw a cubic curve using, p;;;, and two auxiliary points
on the tangents;(p; 1 — pj—1) andx(pj 2 — p;).

We want to find the coefficients; whenz(¢t) = [ 1 ¢ 2 3 |[ay a1 a» a3 ]T, where the
curve is defined a&(t) = [ ¢(t) y(t) | (similarly for y(¢) andb;). For the curve betweepy and
Dj+1, assume we know two end pointg()) andc(1) and their tangents; (0) andc'(1). That s,

z(0) = wj, (14)
v(1) = @, (15)
J]/(O) == H(ZL’j_H - ZEj_l), (16)
2'(1) = k(s — ;). (17)
To solve fora, set up the linear system,

x(0) 1 000 ap

x(1) B 1111 a

2/(0) 10100 as (18)

/(1) 012 3 as

ThenZ = Mda, sod = M~'#. Substituting in x(t) yields

1 0 0 0 T
0O 0 1 0 X
a(t) = [1 t & ¢ i 19
( ) [ } -3 3 -2 -1 /i(ili'jurl — l‘j,1) ( )
| —2 1 1 li(.Tj+2 — .Z‘j)
[ 0 1 0 0 Tj—1
- 2 .3 -k 0 K 0 x;
= [1¢t ¢ ] 2k k—3 3—2k —K Tt (20)
| -k 2—K K—2 K Tjy2
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For the first tangent in the curve, we cannot use the aboveularrstead, we use:
T = k(P2 —p1) (21)
and, for the last tangent:

™~ = k(PN —DPn-1) (22)
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