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2 Curves

2.1 Parametric Curves

There are multiple ways to represent curves in two dimeission

e Explicit: y = f(x), givenz, find y.

Example:
The explicit form of a line isy = max + b. There is a problem with this
representation—what about vertical lines?

e Implicit: f(z,y) = 0, or in vector form,f(p) = 0.

Example:
The implicit equation of a line throughy andp, is

(z —20) (11 — Yo) — (¥ — Yo) (71 — 7o) = 0.

Intuition:

— The direction of the line is the vectdr= p, — po.

— So a vector fronp, to any point on the line must be parallelcfo

— Equivalently, any point on the line must have direction frogrperpendic;
ular tod* = (d,, —d,) = 7.

This can be checked with- d* = (d,, d,) - (d,, —d,) = 0.

— The vectori = (y; — yo, xo — 1) is called anormal vector.

— So, putting it all together, for any poipton the line, we know tha — py) -
n = 0. This is the general form for a line through that is perpendicular
(normal) tori. If you then substitut& = (y; — yo, £ — x1) into this implicit
equation and simplify the dot product, you get the impligtation above,

Example:
The implicit equation for a circle of radiusand centep, = (z., y.) IS

($ - xc)2 + (y - yc)2 = 727

or in vector form,
15— pell* = 1*.
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e Parametric: p = f(\) wheref : R — R2, may be written ag(\) or (z()), y(\)).

Example:
A parametric line througl, andp, is

PN = po + A,

whered = D1 — Po-

Note that bounds oix must be specified:
— Line segment fronpy to p;: 0 < A < 1.
— Ray fromp, in the direction ofp;: 0 < )\ < .
— Line passing through, andp;: —oco < A < oo

Example:
What'’s the perpendicular bisector of the line segment betwgandp,?

— The midpoint isi(\) where = 1, that is,f + 1d = 2t
— The line perpendicular tp(\) has direction parallel to the normal pf)),

which isi = (1 — yo, — (21 — x0)).

Hence, the perpendicular bisector is the lfe) = (ﬁo + %(f) + arf.

Example: ) -
Find the intersection of the linés\) = p, + Adp and f(p) = (p — p1) - 151 = 0.

Substitute /(\) into the implicit equationf(p) to see what value of\
satisfies it:

FUN) = (Po+Ado—pr) - i

= )\Ci()'ﬁl_(ﬁl_ﬁ())‘ﬁl
= 0

Therefore, ifcfo -1y # 0,

P (pl :pO) "
dy - 14

)

and the intersection point i$\*). If d} - 111 = 0, then the two lines are parallel
with no intersection or they are the same line.
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Example:
The parametric form of a circle with radiugor 0 < A < 1is

p(A) = (rcos(2mA), rsin(2mw))).

1”4

This is the polar coordinate representation of a circle. r&tae an infinite
number of parametric representations of most curves, ssicirades. Can yo
think of others?

| =

An important property of parametric curves is that it is e@sgenerate points along a curve
by evaluatings()\) at a sequence of values.

2.1.1 Tangents and Normals

Thetangentto a curve at a point is the instantaneous direction of theecufhe line containing
the tangent intersects the curve at a point. It is given bylth&ative of the parametric form\)

with regard to\. That is, )
() = dp(\) _ (d:z:(/\) dy()\)> '

dA d\ 7 dA

Thenormal is perpendicular to the tangent direction. Often we norpedine normal to have unit
length. For closed curves we often talk about an inwardafa@ind an outward-facing normal.
When the type is unspecified, we are usually dealing with awana-facing normal.

T(A)
n(A) tangent
normal
M)
curve

We can also derive the normal from the implicit form. The nalat a pointp = (z,y) on a curve
defined byf(p) = f(z,y) =0 1s:

i) = Vil = (L, )

Derivation:
For any curve in implicit form, there also exists a parancetepresentatiop(\) =
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choice of\, we have:

0

0

0
0

0= f(z(A),y(N)

We can differentiate both side with respect\to

d
P YICIEIRTON)

of dz(\)  8f dy(\)
Or dx | Oy d\

VD), -TA)

(x(A),y(N)). All points on the curve must satisff(p) = 0. Therefore, for any

(1)
(2)

3)
(4)

This last line states that the gradient is perpendiculahéocurve tangent, which
the definition of the normal vector.

is

Example:

The implicit form of a circle at the origin isf (x, y) = 2*>+y*— R? = 0. The norma
at a point(z, y) on the circle isV f = (2z, 2y).

Exercise: show that the normal computed for a line is the saegardless of whether it is com-

puted using the parametric or implicit forms. Try it for ahet surface.

2.2 Ellipses

e Implicit: j’;—i + ?;—2 = 1. This is only for the special case where the ellipse is cedtat the

origin with the major and minor axes aligned with= 0 andx = 0.

e Parametric: z(\) = acos(27)\), y(A\) = bsin(27w\), or in vector form

\

=
N

>
y

=[]
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The implicit form of ellipses and circles is common becaumsé is no explicit functional form.
This is becausg is a multifunction ofz.

2.3 Polygons
A polygonis a continuous, piecewise linear, closed planar curve.

A simple polygon is non self-intersecting.

A regular polygon is simple, equilateral, and equiangular.

An n-gonis a regular polygon with sides.

A polygon isconvexif, for any two points selected inside the polygon, the liegreent
between them is completely contained within the polygon.

Example:

To find the vertices of an-gon, findn equally spaced points on a circle.
A

Y

In polar coordinates, each vertéx;, y;) = (r cos(6;), rsin(6;)), wheref; = 2= for
1=0...n—1.

e To translate: Addz., y.) to each point.
e To scale: Change.
e To rotate: AddA#d to eacly;.

2.4 Rendering Curves in OpenGL

OpenGL does not directly support rendering any curves dttarlines and polylines. However,
you can sample a curve and draw it as a line strip, e.g.,:

float Xx, vy;

gl Begi n(G._LI NE_STRI P) ;
for (float t=0 ; t <=1 ; t +=.01)
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conmputeCurve( t, &, &y);
gl Vertex2f(x, y);

}
gl End()

You can adjust the step-size to determine how many line segne draw. Adding line segments
will increase the accuracy of the curve, but slow down theleeimg.

The GLU does have some specialized libraries to assist \eiieigating and rendering curves. For
example, the following code renders a disk with a hole indfster, centered about theaxis.

G.Uquadric g = gl uNewQuadric();
gl ubDi sk(q, innerRadius, outerRadius, sliceCount, 1);
gl ubel et eQuadric(q);

See the OpenGL Reference Manual for more information on tleeganes.
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