Topic 3:

2D Transformations

e Homogeneous coordinates
¢ Homogeneous 2D transformations
o Affine transformations & restrictions

Representing Points by Euclidean 2D Coords
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Homogeneous Coords = Euclidean Coords

Points at = in Homogeneous Coordinates
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Line Equations in Homogeneous Coordinates

The Line Passing Through 2 Points
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The Point of Intersection of Two Lines
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Topic 3:

2D Transformations

¢ Homogeneous 2D transformations




2D Transformations
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Homographies: Basic properties
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Homographies: Basic properties
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Homographies from Point Correspondences
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Topic 3:

2D Transformations

o Affine transformations & restrictions
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Affine Transformations: Basic Properties
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Affine-Transforming 2D Points
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Geometric Interpretation of Affine Matrix
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Rigid Transformations: Translations
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Topic 4:

Coordinate-Free Geometry
(CFG)

o A brief introduction & basic ideas

CFG: Key Objects & their Homogeneous Repr.
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More CFG Ops: Affine Point Combination
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Topic 5:
3D Objects

e General curves & surfaces in 3D
e Normal vectors, surface curves & tangent planes
o Implicit surface representations

e Example surfaces:
surfaces of revolution, bilinear patches, quadrics
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Surface Example: Planes in 3D
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Topic 5:

3D Objects

e Normal vectors, surface curves & tangent planes
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The Tangent Vector of a Surface Curve
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4 fargent P{:an ak ?(:M,ﬁ)
3D vechrs Aok depod
m.\; ou +he swfau,
NO'

Are cure ilsee@ !

13



The Tangent Plane of the Surface at a Point

dheoygh 0. pomt Fla,669) 12
o Unear combimation of e o
30 veabrs, 22 ) avel 2 i)

(M' (o, RG))
; o 0) IR, i
TS et ) Il

3D vechrs Aok deged
ou\‘jom‘thsufau‘ z
no¥ e cune | [scalars Hoak m y

®

The Tangent of a Surface Curve: Geometry
Question: Whok do e scalars B[

do d8 'em"“'ap""h
a;l-a \enlb? (.(m,pg))
e 2D ,j
T i e | " )
ol
3D vechrs Aok deped
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T dre cur eef m‘,\% mn; y
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The Tangent of a Surface Curve: Geometry

(=09, B&))
o)~ Go3te)

The Tangent of a Surface Curve: Geometry

Qﬂd‘bﬂo‘g 1 w AO ‘k vectors 8
2, S5 et gomdnaaly?
Avs-. are e 3D
of -lk_Tc\:?«-d\vw&L W‘::EP“‘
(sets>, 8. (Exercisar prove thal)
3D veches ok depod
only 0w the S
no"‘l’ e Cune ihw@l

]
g ~

s

The Surface Normal at a Point

The fovgprk pla ot The surfoce romoll ok
feup) & Mo plare spamned | |FOR i dhe romal to the
) hr%lm\‘ len_‘-

RFun) = e 2ep

F
,o‘—.‘fl.ﬂ and

)]

47 (oF | d“, ?F | dE
4 @) dO @) &
Topic 5:
3D Objects

¢ Implicit surface representations
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Representing Surfaces by an Implicit Function

« Representation corsmls of a scdar
'gma('!on. -ER‘—’R (caled Ve lwplicl Cum:l'\m)

oly = [FeR| FP)=0f :
. [uﬁxl—wd;k,  can be
ht of as measun:
o distonce” h&m
“Typieally, { does NOT

weasure  Buclidean

cishance 4o e er:a

Example: The Implicit Function of a Plane
+ Representution consisls o a scdar

MM gk’—-ﬂl
do’iFe'R’ ¥¢)5°?

. [n‘{\ul-ivdq, g-’ an LL

k+ngnsmemw~i

o distance’ 4o {be su Exawple: lwpliezk Agmdw);\
~Typieally, § does NOT o & fare towh. 7o
OGSUrE, Buclidean with. Nnormal mn: >
diskance 4o Hhe mrpxa $Cf)=(?*ﬂ)'"\

The Level Sets of an Implicit Function
« Representadion consists o a scdar
'g-lhd'\ot\. ka‘—é‘l
.gu d"s’"‘d as
oo
oLy = [Fe®| §F)=cf
. lu’l‘wl-ivdq, g n LL

kt of as measun
o distance’ 4o the su

Given. o volue celR Hhe set
o= {pe|fp)=ct
olso defmes o sufoce called

Examgle: Romt T s
b dre -2-level s:za?_

e C-love| set of £

Surface Normals from the Implicit Function

F 5 o o subee pork e
mma(o&{‘sligw\b#

R(p) - V£G)
where z
Vo= (%i(ﬂ%@), %i‘f))
(ata ¥ gradient R £)

No’rc'. ‘“N_ aloove dagl'ni“‘wn works
Sor any level sek: i Fecl,,
Ao vormal of fe c-leelsed of
pomt T B Given loy 144(6)

Surface Normals from the Implicit Function

Poof: Lek 3 =(xen, yt3) e & curve on Hre
surfoce ole with. Q@)=

e v f@EM-=c
= %(ﬁ@)=°
ﬁ-_d_’(.'_?}_,di‘_(ﬁ_@‘;:o

2

QAx d) 03 da 92 A -
< vFR(E®). %@) o) Vi
Noke: Hve obove defiimition uorts e
&:)r any level set-: ip recl , '

4he vormal o£ fhe c-leel-set ok
pont T B Gven by VFEE)

Surface Normals from the Implicit Function

Prood: Leb 300 =(xtn 9t 2) be & cure on. the
sufoce ole Wit §(°)=T‘.

=3 Yo ;(q@ﬂ):c
= %(ﬁm}:o
f’_v'_ -d—x..'(-a—?—udif‘a—P.@;:o

2

QX dQ d% 92 VA "@)
= vF(E®) 4@ 0 Py
apodient ok T 3D hnau«; ot §06) FBee
swee. the adloove OWB \Wolds x
o any cuve n ol K ¥,

He gadient must be perpendicular bo e {'Onguf phu.w
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Topic 5:

3D Objects

¢ Example surfaces:
surfaces of revolution, bilinear patches, quadrics

Surfaces of Revolution: Basic Construction

Avother equivalent view:
<Pomt (20 yD) will

Pa bric representodion "o arcles ¢
fometric 2 equal to x(*)
T69) = (x6900R), xR, 20)| g fanges im. [0,27)

brace a circle in xy-Hone

Example: The Cylinder

q’“&{'ﬂm: lr\ow do we
apress e cylinder o

rodius ~ ?

(xeh 2)- (F,2)
So

£06R)=(rod, 5w, )

Paramebric tepresentodion
[IE (x@gm&), xGYsv, l@)

Example: Implicit Function of the Cylinder

Qus{'iin&‘_ kOle.o we e
tess nder 0
::&ius ~ ?Cﬂ

Ans:
The ombs Goua)
on e cylinder have
Covstant clistonce
F-oxis

Implieit  equodion
£Gen,2) = Xay>- 1720

Example: The Torus as a Surrace ot

Reavolution
eVOHHHOR

Cpu&l-lom kOw a‘.o we
apress e totus os a

o tecoluhon?
Ans: {:orus © fs’om,\
mluhngi: dcdeL#
aout 2-0xis
X
(xe02)) =
(roosd +a, rsimdi+b)

¥

Parameltric tepresentodion
769) = (x6HcoR), xG)snS, 20)

Bilinear Patches: Basic Construction

8 Spaceof parameturs

! g («8eloJxLo,1]
(-] \ o

2 Given 4 3D pords

Eo, go'?m,ﬁmﬁ. the ‘P‘f C“.‘)
7 Fep iy vy s 6.0
L6y = (e)R* oF,
g&):(l—u)ﬁ‘(- o, B
£l - (-9T60+ flil)
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Bilinear Patches: Basic Construction

Question: Whot nd "g W\]’@ do we oet?

Is i+ a plane?
AV\$~. l\- E a p\am On‘j ‘v Poo)PomeE art

coplonar!

Given 4 3 pormts
B RePufel the poir (0f)
T A" W“q\w‘) dekermres ;C- £):
£(1-a, 1-R) [.(.() - (...,()'E;« o,
.Eo 2 I\(,() . (I—u)ﬁo-(- «f,
Tes)- (-0169+ fLo)

f
4ty

X

Bilinear Patches: Basic Construction

Question: Whot ewd "2 5‘“‘9’“&" we oet?

Is i+ a plane?

Awi-. Ltp"saak P\DMC— 0'\‘_5 ‘Q ?ootpol'FolF are

G'tvu\ 4 p Fom}s
go Pﬂ,ao'R. the ']n‘f (3 ‘)
v “"“"W"\) dekermives ;G @
Lo =GR+ R,
5&) = (l—u)ﬁo.(- o, ~
x Flef)- (-T60+ fLo)

Refresher on (2D) Conic Sections
L& w] -
PAREE
bkl y
\ ) e
E’\\ é\/ﬁx

Gereral wplict equadion jA,tc,bE €
AL B3+ Gyt Dxr Ey+ F=0 (:: ~:;':"u"°)
or [x v l—][k c/?- *][ ]30 }Kﬁﬂ'w/“dﬂl

Y2 Efe F

Quadric Surfaces: Basic Construction

I:Q Yo (O GR; ®
SBurles  whose %‘é@‘ o m:*
plarar cross-sechons )

are @nics @ y

@ 7 A\ ypertela w ane
@ x b
\nkgl‘lmn =

Vo visualize all ﬁib\c ;
shopes, covs\der r
cross-sectiors with- Ph"& ﬂ’ x . o
porallel to X2 and \/\Euufl»i) ol

Ph”w’s L4 cross-sectrons

Quadric Surfaces: Basic Construction

Elh‘sotd % %_/Aﬂ

S N
\V\! \ghom

To visualize all possildle
shoges, covsder thur
Cross-sectiors with plines
pacalled b X2 and
ye- planes

\,\ elufhml

crostsectrons

Quadric Surfaces: Basic Construction

®
Cose @*@ @ ’ # (: ’ [
Ewy\‘lcnﬂ. 3 x
povaloolord ;cm \ : \

\v»!w\-ram 2
To visualize all _&w e e
shopes, coverder v 7,
cross-sectiors  with- P“WS Q’ x

porallel o X2 and /I

Yz— planes ¥ pambolie. sechion
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Quadric Surfaces: Basic Construction
Cose ®*@ @ 14 ‘- @ 14 —
E&WOO.Q M& X
povaleoloid Gy
7 A\ Wyprbela @ y
© ]k () e
N e
\ﬂﬂ%fm: =
To visualize all possibdle '
shoges, covs der thusr —_ ;f%
cms—sw{l:!bws wiﬂn-dphm Q_} x .
lled X2~ an i .
Pff planes \,/ eligheat L0

Quadric Surfaces: Implicit Equation

Generall waplici & equation

[xﬂz 1 D EG K\._.o
» ®F Y
Rl

Tk v te & siale Qusker

Oy B paameless wsed (Hhoe circled) when
cros-sectons are “Gentered on xv-,72-X2-plares

Polygonal Meshes

DeRimition ( polygonal mesh)

A ollection o  polygens
-vecHees

a?” T ?\Mq

Gwem o ?ommdcvu. Mﬁm Z’Gx,p)

we can sample volues of @
to deline 0 wesh Mok
operoxmoks it

RS

Quadric Surfaces: Basic Construction

g
xaf

®
®+© AN B oo ’] / e
il (L) )

Polygonal Meshes

DeRinition ( polygonal wesh)
A oollection oQ ?°lj3°'\’
-veckices

e
Paces

Plyhedron: o closed,
onneched, polyapmal mesh

Face: Plarar pdygonadl  vertes
pokch. Wetde aPJmsk

LA wesh @ s\w\?\E when
t Wos no Woles G,.L
Yopolegieally eauiv ko a sphert)

Generating Triangle Meshes

Solution: break up quad
\m\"o 2 {'riavs\&s
xSee owlime voles om Vew
do do his pﬂoPGl'l?,
xSee onlwe voltes oot whl  foce

doto. shmcture 4o use fo stoe o mesh
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Topic 6:

3D Transformations

e Homogeneous coordinates in 3D
¢ Homogeneous 3D transformations
o Affine transformations & rotations in 3D

Representing Points by Euclidean 3D Coords

'nglm\do.rd' (&dido.au)
repiesedution. 0f a
point B

S B

Bucholean
QpOrdinakesS

Euclidean Coords = Homogeneous Coords
e s Shandard (Gudidean)
reprsedvdion of a
et B

. M%m‘: C&EA. P%adiv&)
represewtatton of P

Plane Equation in Homogeneous Coordinates
4 . an_ (quahm o:f A \>‘dn.
/"‘ axtbytcz+d=0
DN R
plave. paramekers
X .
. l\:\ L\owsbjwpus coordinodes
2
bed[[X]=0
Rrsb 3}-:47.&4 [q/i' < ] [;]
J e Ph“” - {
normal, or L-F‘—'O
vestor w.}} Nt Voldeg.
P“’Cr °£ J:pn“n‘\-

Points at o= in Homogeneous Coordinates

K <A ph‘i‘al’b:?hit, does V

% Yot represent o physica
( ‘Bﬂ locafton on the plan

1t wepresents o dirchion

'Pom‘s ot lwgvn‘" (/\aw; ;M‘:h
Nar \osk mordiate aul e
4o 2ero veehor [i]

Topic 6:

3D Transformations

¢ Homogeneous 3D transformations
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General Linear 3D Transformations
- The wakrix | represents o v

ok OQ ’(mv\sg}:mn{'\ohs
* Gerral Lnese (preserve plavs)
AQine (Presesve paralielism)

- u\‘ r SMN
- m D;-culma_“%~

ConQorwal (Presenve avales)

STravslodion
-Potation

General Linear 3D Transformations
- The wakrix W represents &
S o 6”%1 ok of trandbmations

Ry
1

x . Exawp\e: 2-dependent topering.

g::kt‘:‘:’“ l; Guxdtdc.:n
9D — (x@)x, @y, *ez)
where (9 = (o 0td)?

u \ 000X
v {0100 ||Y
w coto|®
i 0 O o |[!

2 linear in honegeneous coorols!

Affine Transformations in 3D

6ewu1 ok oQ ’(ruv\c%mu{'\ons
Gereral Vineae (presenve planes)
AQine (Presesve paralielsm)

H‘Mw

tokes o wore
tcﬁ\—ﬂdzd ﬁ)‘-w\l

E“-ﬂ Gcmm\%mog wotric W

a, AW’\;@_ ‘\1‘1’\%9"\\&

Affine Transformations: Basic Properties

TrasGrmed

[

Tomts ak 0o befRe the
preserve the volue o & \mm%m vewman. ok 00
A l‘:‘;\\;“"‘”"ﬂ"m oflerwards

BRI

From Affine to Rigid Transformations

howogeneous -
,,.t---—;qr ot  Gorral lineae (preserve lves)
g AQine (Presesve paralielsm)

~ Adortrory sheaet
- General “scaling.

ConQormal (Preserve avoles
- \)n-Q)rM scali
- Refllectton

-vaslo(‘t\on
-Polation

—
[ !

Rigid Transformations: Rotations in 3D

kil wkial

e 0] V-
RN
2 L] 6 o |
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Elementary Rotations in 3D

Rokakion L_‘)Q daoud X axis

u’=[&§f’ oL °) 3
- a )k
?ohho.quwyam

¥ e [ 0 s o
- A,.g\ 2|0
! N Lo & \;;9;) g) }-

: Rotakion LJQ doouk 2 oxis:
H ' - Y
A_‘:Z A- of =9 '5'_ .g\ . wh =9 ©
Loﬂ\ o | - :?1_ A R of o ﬂ}i

o |1

Rotation About ArDbitrary vVector:

Queskion: :\::;\i we
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0. rokokow of ¢ alouk an
arLi\'ij vector V7
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now Yow to do rotations
ook 2, we will do
* Alqh V w:\-k ‘\'k_
2 owdis 'leww-l '
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1‘0\“0\\'\0“‘5 -
x Rotade K\SOUJ‘ v
Ex A USin 2
b PO bee # Undo e lowrary
| elementary matrices AcAuAs O\\ljvwv@n\‘

Aside: Spherical Coordinates of a Unit Vector

The Cross-section oe plane Teuy . Gn 3o
(sm('(»co@,?nqsw\%, Uz ) Step : Gnert V4
\

unit length

raghius of ciccular 3 -

Cross ~sechon G - \J
‘lv:«v,‘w;

2 hersection o
" mc@) unit sphee
unit sphe I ik yeplane
ik X LN Skep 2: Q,\.APAL Yo
C O\ speenl coondimates of &
%, o coordivaes o T

Rotation About Arbitrary Vector?

Question: How do we ) boud .
delme A when it s Polation L_.’Q A X o

o. totodion akoul an (h [A,j:\ &g\‘ 0 o )
b |t 0 & <O

a lmhwj v:‘ﬁ‘or v7 o1 0

K Rotakion LJQ daouk y axis:

N R [AE e o od
@j\d’-}' “Y— iﬁ.ﬁ & \-‘?ﬁ (I> é)

< Rotakion Lj%doaod‘ 2 oxis:
g 4 ‘irF 3§ R -9 °©
Ans: B P"‘:e #:s%‘:\u b = {;”B’.’A &. \ng of 0]

COumpositton o 1
elementary matrices A AyA

Rotation About ArDbitrary vector:

Hotatction

Question: How do we Step A (Brvert Vo
e e eskan unik length
qrhi\voxrﬂ vuﬁ‘or -\7 7 - ‘\7
W=
(Ve evgews
gkr 2 G:wfuh. -{-12,
sphererl coondimates of
1o, coondivades 0 T
Egres 1 as o . B paramederaation

ston of B Bvee O asPRert

| clemgatury matrices Ak

Aside: Spherical Coordinates of a Unit Vector

The Cross-section o? plane Teug . Gon - o
(sw«'(:costa,smqsmg, Uz ) Step 4: Gnerd 7 4

unit lenath
L ) I
-9= \']

2 * iv:w,‘w;

sprereal coondiades of X
12, coordivales of T

m e pmmekrim{‘ion
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21



Aside: Spherical Coordinates of a Unit Vector
The Cross-section o?_ Phne'tﬁu% Sl—ep v G)V\vu‘{f T o
(smepeosd, s s, Uz ) unck levarth
M@:Cbsq e‘q:amcos(u@i . ‘Vﬂ_\;
. W= l__V:* VJ"V;
ri pA Oowp«h. He
sphererl coondivates of X
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. B paramederaation
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Rotation About Arbitrary vector:

Construction
SORStRYdEHoh

Shep3: Algn & awis Step 1 Qmert V bo
with vedzo? v unct legth
-Rotole by D deoukz -

‘Roture by ¢ abouty U=

aj:w

\J
| CTR

KN

N, sPreenl oondimates of
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4 Dokode. o

Rotation About Arbitrary vVector:
Construction

Step3 -.UAhsnl T owis

Otep 3 Move 2-0xis

with vechr Q. back to its ongival
~Rotoke by D deouk posion
 Rotote by ol 2.

-Rotate by -cp Qboutta_

| Jeaind argle  doodk 2

4: Rolode o
| SR argle @ Aol 2

Topic 7:
3D Viewing

¢ Orthographic projection

¢ The world-to-camera transformation

e Perspective projection

¢ The transformation chain for 3D viewing

The Camera-Centered Coordinate System

The. night -hard e

a/®/!

yk: .C‘W, Smr b ;@; B

right-harded C / F
cordivate.
System rechtebond-regergpy (wikpedia tow)

Orthographic Projection

L4
plane

world
poiat:
be
‘P
oy ety (N mwcq“d;"m)
- Gl H 1:, ves)[3]
2“"&) ! o oo )Lt
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Orthographic Projection (cont.)

vnt\.\vua, Q: h IWJ)-" As‘m! Vechor B-Lf\’ 1<

plane lenghG:7)? whein. 9, p, &
ot perpediculan o

Y vlwoing duection.
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The Object-to-Camera Transformation
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. %
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Main Transformations Used in 3D Viewing
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oy ET
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e (.‘.45eg %] 1 coelp i %
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The Transformation Chain for 3D Viewing

wormg e e erl
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e |e—— | %
et LL | e | 2
Cmera, L |
L X
%
, & [2.]
3 \
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*’Rg 6)

Main Transformations Used in 3D Viewing

v-u‘a.

plane

Transformation Chain for 3D Viewing (partial)
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\

£
I
1

\
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Transformation Chain for 3D Viewing (partial)

Obyeck to-world T | Rew o] [ 37 @ act satons et
h?n‘f%mql'\m ) [&]:1 ° ll[;‘.] or ekt

s
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Computing the World-to-Camera Transform
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Topic 7:

3D Viewing

¢ The world-to-camera transformation

Computing the World-to-Camera Transform

v-u‘a.

plane

N

First Compute Camera-to-World Transform...
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... then Compute its Inverse
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Transformation Chain for 3D Viewing (partial)

Obyeck to-world T | Rew o] [ 37 @ act satons et
e mton () [aH . AH?{.] e
World -t -camem. {
transformation (M)
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How Accurate is Orthographic Projection?
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Transformation Chain for 3D Viewing (partial)
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How Accurate is Orthographic Projection?
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Topic 7:

3D Viewing

e Perspective projection
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Light Bulb, 1991

Light Bulb, 1981
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Light Bulb, 1991

The Pinhole Camera
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The Pinhole Camera
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Simple Lens-Based Camera & Thin-Lens Law

2.

Whew 2,300, 2o3f Thin-lens las:
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The Perspective Projection Equations in 3D
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