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Fig. 1. We approximate the vibration modes of the cotangent Laplacian derived from the ground truth high-resolution mesh (top) using a coarse mesh with
250 vertices (the transparent cages on the left). A classical decimation method [Garland and Heckbert 1997] (bottom) preserves the appearance but fails in
preserving the ground truth vibration modes. Our chordal spectral coarsening detaches the differential operator from the mesh, enabling one to optimize the
operator independently to preserve the vibration modes (middle), without altering the coarse vertices. By visualizing the inner product matrices between
vibration modes on the left, we show our approach leads to a result closer to the ground truth. Here we visualize the 9-th vibration mode with its frequency.

We introduce a novel solver to significantly reduce the size of a geometric
operator while preserving its spectral properties at the lowest frequencies.
We use chordal decomposition to formulate a convex optimization problem
which allows the user to control the operator sparsity pattern. This allows
for a trade-off between the spectral accuracy of the operator and the cost of
its application. We efficiently minimize the energy with a change of variables
and achieve state-of-the-art results on spectral coarsening. Our solver further
enables novel applications including volume-to-surface approximation and
detaching the operator from the mesh, i.e., one can produce a mesh tailor-
made for visualization and optimize an operator separately for computation.
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1 INTRODUCTION

Discrete operators, such as the cotangent Laplacian, the Hessian of
mesh energies, and the stiffness matrix in physics-based simulations,
are ubiquitous in geometry processing. Many of these operators are
represented by sparse positive semi-definite (PSD) matrices. These
matrices are often constructed by looping over the elements of a
discretized domain. When defined on a high-resolution domain,
those matrices are computationally expensive to use, even if the
final result only requires low frequency information.

Recent methods show that it is possible to simplify a discrete
operator while preserving its spectral properties and matrix char-
acteristics, such as positive semi-definiteness, avoiding the pitfalls
of the naive “decimate and reconstruct” approach. However, previ-
ous methods required the solution of a non-convex optimization
problem, the solution to which sacrificed matrix sparsity.

In this paper, we overcome these challenges by applying the
chordal decomposition. In contrast to the previous non-convex formu-
lation, our method is now convex and can freely control the output
sparsity, outperforming existing approaches for spectral coarsening
and simplification. Our approach further enables novel applications
on optimizing the operator independently to preserve some desired
properties for computation without changing the mesh vertices.
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Fig. 3. We use chordal decomposition to split a large sparse PSD constraint
on X (le ) into multiple small dense PSD constraints oBg (right), where

we use 0 to denote the PSD constraint. This enables us to be more
e icient in handling optimization problems that involve sparse PSD matrix
constraints.

In Fig. 1, we rst decimate the model and optimize the operator
independently to preserve the spectral properties of the cotangent
Laplacian. Our approach achieves a higher quality approximation
of the vibration modes of the high-resolution mesh compared to
previous approaches.

By viewing the sparsity pattern
of a matrix as a graph (see Fig. 2),
one can utilize theories of chordal
graphs to decomposesparsana-
trix into a set of smalldensenatri- Fig. 2. Given a sparse matrix
ces. This decomposition enables (le ) where blue denotes non-
one to satisfy the sparse PSD con-2eros and gray denotes ze-
straint by projecting each small 'S We can view the spar-
dense matrix to PSD in parallel sity pa ern as a graph (right)

. . and then apply theorems of

(see Fig. 3). Such techniques havechordal graphs.
long been applied in the creation
of e cient solvers for Semide nite Programming (SDP). Here we
generalize these notions to the spectral coarsening problem which
leads to an accelerated solver that is faster, more accurate and with
better sparsity control than the previous state-of-the-art. Our main
contribution is an algorithm for projecting general sparse matrices
to PSD ones using chordal decomposition in the context of spectral
coarsening.

2 RELATED WORK

Spectral preservation is a widely studied topic in optimization and
numerical methods. Below we outline the most salient related works
from these areas, as well as recent developments in computer graph-
ics and geometry processing.

2.1 Chordal Graphs in Sparse Matrix Optimization

Chordal graphs have been playing an important role in sparse ma-
trix computation for decades [Blair and Peyton 1993; Vandenberghe
and Andersen 2015]. Fukuda et F1001] and Nakata et aJ2003]
introduce a generic framework to accelerate interior-point meth-
ods for solving large sparse SDPs. Their key idea is to exploit the
sparsity of the matrix and the properties of chordal graphs [Grone
et al. 1984] to decompose a large sparse matrix variable into mul-
tiple small dense ones. In the later literature, this is often called
the chordal decompositioSince then, this framework has been
greatly improved by [Andersen et aP010; Burer 2003; Fujisawa
et al 2009; Srijuntongsiri and Vavasis 2004; Sun €2@14]. The idea

of chordal decomposition has also been incorporated with other
optimization methods. For instance, Sun and Vandenberghe [2015]
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combine chordal decomposition with projected gradient and the
Douglas Rachford algorithms for sparse matrix nearness and com-
pletion problems. Zheng et a]l2017b, 2020] incorporate this idea to
the alternating direction method of multipliers (ADMM) for solv-
ing SDPs. These chordal-based solvers have also been deployed to
nonlinear matrix inequalities [Kim et al2011], the optimal power
ow [Madani et al. 2015], controller synthesis [Zheng et.&018]
and sum-of-squares problems [Zheng et al. 2017a, 2019].

Recently, Maron et a[2016] formulate the point cloud registra-
tion problem into a SDP and use chordal decomposition to accelerate
the computation. However, their method only supports matrices
with a chordal sparsity pattern already, which is not applicable to
our problem because most discrete operators are not chordal. In
contrast, we utilize the ideas from [Sun and Vandenberghe 2015] to
handle any sparsity pattern of choice, and the strategies in [Zheng
et al 2017b, 2020] to develop a chordal ADMM solver for the spec-
tral coarsening energy [Liu et aP019]. We exploit the fact that
many discrete operators are sparse and symmetric to perform a
change of variables to signi cantly reduce the computational cost.
We demonstrate that chordal decomposition is not only suitable
for large scale SDPs, but also for problems in graphics that involve
sparse PSD matrix variables.

2.2 Geometry Coarsening

Geometric coarsening has been extensively studied in computer
graphics with the aims of preserving di erent geometric and phys-
ical properties. One class of methods focuses on preserving the
appearance of a mesh for rendering purposes. Some prominent
early examples include mesh optimization [Cohen-Steiner et al
2004; Hoppe et al993], mesh decimation [Garland and Heckbert
1997], progressive re nement [Hoppe 1996, 1997], and approaches
based on parameterization [Cohen et 2003]. We refer readers to
[Cignoni et al 1998] for an overview and comparison of appearance-
preserving simpli cation. Beyond preserving the appearance, these
techniques have also been extended to preserve the texture informa-
tion of a shape [Garland and Heckbert 1998; Lu e28I20]. Li et al
[2015] add modal displacement as part of the decimation metric to
better preserve the acoustic transfer of a shape.

Numerical coarsening in simulatioBoarsening the geometry
may alter the material properties and lead tmmerical sti eningin
simulations. Kharevych et aJ2009] propose a method to adjust the
elasticity tensor of each element on a coarse mesh to approximate
the dynamics of the original high-resolution mesh. In a similar spirit,
Chen et al[2015] use a data-driven lookup approach to reduce the
error incurred by coarsening. To better capture vibration, Chen
et al. [2017] address the numerical sti ening by simply rescaling the
Young's modulus of the coarse model to match the lowest frequen-
cies to its high-resolution counterpart. Chen et §2019b] extend
this idea to re- t the eigenvalues iteratively at each time step. Chen
et al [2018] propose to construct matrix-valued and discontinu-
ous basis functions by solving a large amount of local quadratic
constrained optimizations. Other recent approaches have included
the wavelet approaches. Owhadi [2017] introduces a hierarchical
construction of operator-adapted basis functions and their associ-
ated wavelets for scalar-valued PDE. The operator-adapted wavelets
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have been extended to di erential forms [Budninskiy et 2019]

and to vector-valued equations [Chen et 2019a] which is then

applied to fast simulation of heterogeneous materials with locally

supported basis functions. Di erent from [Chen et.£2018] and

[Chen et al 2019a] which increase the degrees of freedom (DOF) Fig. 4. Chordal decomposition decomposes the makiinto a set of maxi-
by using matrix-valued shape functions, our method can support  maj clique matricesZs. We can extract each clique matrix vigg = PgXP; .
more DOF by directly controlling the sparsity pattern of the scalar-

valued matrix. Moreover, our method can also preserve the spectral Mapping the elements frora to a bigger vectoy can be achieved

properties using the same DOF and sparsity pattern. with y = P3z

Spectral graph coarsening in machine learn8pgctral-preserving 0 0 1 1 0
graph reduction has been an active eld in machine learning. Zhao 1 > > 1 i
et al [2018] introduce a scalable spectral graph reduction method 27 = 10 ' 04~ 0 2
for scalable graph partitioning and data visualization based on node 8 | O{z 0 } 0 iz
aggregation and graph sparsi cation. Jin et §2020] propose two i P Kz 2~ | {z }5
methods for spectral graph coarsening based on iterative merg- X y P8

ing and k-means clustering, respectively. Various other approaches et X be an=-by-= matrix, we useBto denote a subset of row
have also been recently adopted to coarsen a graph in a spectral-and column indices intoX. Z = X1B«Bcreates a matrixZ that is of
preserving way, including randomized edge contraction [Loukas and = sizejB-by-j§ and contains all values iXX1B+*B We can compactly
Vandergheynst 2018], local variation algorithm [Loukas 2019] and  describe this operation using selection matfs asZ = PsXP3
probabilistic algorithm [Bravo-Hermsdor and Gunderson 2019].

In contrast to these combinatorial methods which focus more on 2117 23 _ 1 O 11 ;12 31 "

optimizing the sparsity pattern, our algebraic approach enables one 231 233 0 0 1 2l w2 2

to further optimize over a speci ¢ sparsity pattern based on a convex | {z } | {z } i 1 {222 23} iz 7

formulation. z P X B
Spectral coarsening in geometry procesBlagently several ap-  Similarly, we can map elements i back toY via Y = P3ZPg

proaches consider coarsening a geometry while preserving its spec- 1 0 2

tral properties, namely eigenvalues and eigenvectors of the opera- 0 0 0l= 21 231 0 O,

tors. Oztireli et al [2010] compute samples on a manifold surface 10 2 |231{z 233} | 0 {S %

in order to preserve the spectrum of the Laplace operator. Nasikun | {z Y | {z7 5 n

et al. [2018] use a combination of Poisson disk sampling and lo- Y

cal polynomial bases to e ciently solve an approximate Laplacian -
eigenvalue problem of a mesh. Beyond the Laplace operator, Liu 3-1 Chordal Decomposition
et al [2019] propose an algebraic approach to coarsen common geo- A chordal graphs an undirected graph in which for every cycle of
metric operators while preserving spectral properties. Lescoat et al length greater than three, there is an edge between nonconsecutive
[2020] extend the formulation to achieve spectral-preserving mesh vertices in the cycle. Chordal graphs have drawn attention since
simpli cation. Our approach is purely algebraic. Our convex formu-  the 1950s because a handful of NP-complete graph problems can be
lation leads us to have better spectral preservation compared to the solved in polynomial time if the graph is chordal. Chordal graphs
similar algebraic approach [Liu et 22019] in spectral coarsening.  also received interests from the optimization community for solving
Our exibility in controlling the sparsity allows us to post-process  sparse SDPs, combinatorial optimization, and Cholesky factorization.
the results of spectral simpli cation [Lescoat et.&020] and further We refer readers to [Vandenberghe and Andersen 2015] for a survey
improve its quality. In addition, we enable a novel application which  of chordal graphs in optimization. We focus on its application to
independently optimizes the operator for computation purposes problems that involve sparse PSD matrices constraints, speci cally
and the mesh vertices for preserving the appearance (see Fig. 1). arising from geometry processing.

An =-by-= symmetric matrixX haschordal sparsityatternC 2

3 BACKGROUND fOe1g™ ~ if the graph induced byC is a chordal graph. The key
The description of our method depends on manipulating variables theorem that supports our method is
that represent sparse matrices. Throughout the paper, weRise Theorem 1. (Agler et al 1988; Kakimura 2010]) Léthe a=-by=

denoteselection matriceand use subscripts to di erentiate between

s X X : symmetric matrix with chordal sparsity, and f@1¢Zo>> +<Z>gbe
them. In practice, given a subsBtPg is a sparse matrix de ned as

a set of it? clique matricesThenX is PSD if and only if it can be

1o =B expressed as
P o otherwise @) G
X=  P3ZgPs @
Letx be a vector anad = x'B be a sub-vector af. Selecting a subset &1
from x can be achieved by a sparse matrix multiplicatins Pgx. with all Zg being PSD.
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where acliqueis a subset of vertices such that every two distinct
vertices in the clique are adjacent to each other, thudigue matrix

is a dense matrix of the size of a clique. We UW&gto represent the
&h clique matrix, Pg as the selection matrix to th&h clique set.
This decomposition fronX to a set of clique matrices is called the
chordal decompositigeee Fig. 4), which has been applied to many
recent SDP solvers.

Vectorizationln practice, the sandwich formaP§ ZgPgis not
always easy to work with. It is often more desirable tectorizea
matrix by concatenating the columns of the matrix into a vector (see
the inset). We can re-write the vectorized chordal decomposition as

¢} )

vedX° = vecdP; Zghy =
8=1

77

P.° vedZge
g1l {2
Ke

@)

where we usevec ° to denote
the vectorization, with its inverse
vec! (see the inset), and to de-
note the Kronecker product. Intu-
itively, Kg acts like the transpose
of a selection matrix, putting ele-
ments in veéZg® back to veéXe.

3.2 Chordal Extension

In practice, a majority of matrices we encounter in geometry process-
ing do not naturally have chordal sparsity patterns, which makes
Theorem 1 inapplicable. In response, we follow the idea in [Sun and
Vandenberghe 2015]to rst performehordal extensicio transform

the original non-chordal sparsitf to a chordal sparsity pattern

C (see the inset). We maintai by adding equality constraints to
enforce new ll-in elements arising from the extension to be zeros

X 2 Sge

X2%) xo =0

81922 Cnb @

where Sg and S, denote=-by-=

symmetric matrices with sparsity

patternsk andC, respectively. We

useCnEto denote the entries that

exist in C, but not in E. Chordal

extension adds degrees of freedom to our optimization problem.
Our zero constraints enforce that, at a particular new ll-in entry,

Fig. 5. We visualize the spectral preservation using the inner product matrix
(middle) between the restricted eigenvectdrs of the original operator

to the coarsened domain and the eigenvect&of the coarsened operator

X. Due to the orthonormality, the ground truth should be a diagonal matrix
of 1 and -1 (denoted by red and blue, respectively). The closer the matrix
to a diagonal matrix, the be er the preservation of eigenvectors. We use
M and ®I to denote the mass matrices of the original and the coarsened
meshes respectively.

4 METHOD

The goal of spectral coarsening is to reduce the size of a discrete
operator, derived from a 3D shape, while preserving its spectral
properties. Liu et al[2019] show that it is possible to have a signif-
icant reduction without a ecting the low-frequency eigenvectors
and eigenvalues. They visualize the preservation of spectral proper-
ties with the inner product matrix between eigenvectors (see Fig. 5).
This inner product matrix can be perceived afiactional magOvs-
janikov et al 2012], expressing how eigenfunctions on the original
domain are mapped to the simpli ed domain (see Sec. 5.1).

Preserving the spectral properties of an operator can be cast as
an optimization problem, minimizing the commutative energy [Liu
etal. 2019]

51X°=kRM'L  BI'XR K2 ®)
whereL and X denote the original and the coarsened operatadvks,
and M are the original and the coarsened mass matridess the
restriction operator restricting functions from the original domain to
the coarsened domain, andare the functions €.g, eigenfunctions)
used to measure the commutativity.

Intuitively, if the coarsened operatoX preserves the spectral
properties of the original operatok, then given some functions
on the original domain, rst applying the original operatoi1L
and then restricting the functions to the coarsened domain Ra
should be the same as rst restricting the functions vilaand then
applying the coarsened operat®t1X. In the Appendix C of [Liu
et al 2019] they show that, when are eigenfunctions, minimizing

the sum of projected dense matrices must equal zero, not that each the commutative energy also preserves eigenvalues.

dense matrix must contribute a zero value to that entry. Comput-
ing the minimum chordal extension, where the number of Il-in

edges is minimized, is NP-complete [Yannakakis 1981]. However,

nding a minimal chordal extension can be solved in polynomial
time [Heggernes 2006].

Notice that Theorem 1 also has a dual formag= PgXPg .IfX has
the chordal sparsity, this dual formulation can guaranté¢o be PSD
by ensuring allYg being PSD, proved by the Theorem 7 in [Grone
et al. 1984]. However, this dual formulation cannot guarantéeo

Relationship to [Liu et a019].Many di erential operators in
geometry processing are sparse, symmetric, and positive semide -
nite. Thus, the method of [Liu et aR019] adds constraints to Eq. 5
in order to preserve the three operator properties. They satisfy the
constraints via change of variables froito G

mini){nize 51X° ) miniC[nize 5!1G”LG®”

(6)

where G has a predetermined sparsity pattern. However, this trans-

be PSD if the matrixX does not have chordal sparsity (see Sec. 3.2.2 forms the original convex formulation into a non-conveyquartic

in [Sun 2015]). Thus we build our algorithm surrounding Theorem 1.
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one (see Eq.7 in [Liu et 22019]) and increases the sparsity of the



output operator to 3-rings. It also arti cially limits the feasible re-
gion to a subset of PSD matrices determined®yin contrast, we
will show how to directly optimize the commutative energy with
respect toX while maintaining the convexity and enabling one to
control over the output sparsity.

4.1 Chordal Spectral Coarsening
Spectral coarsening can be written as the following optimization

mini{nize 51X° @)
subjectto Xv =e (8)
X 0 9
X 2Sge (20)

where5is the spectral coarsening energy in EqX6, 0denotes the
PSD constraint, an&FE denotes the set of-by-= sparse symmetric
matrices with a user-de ned (non-chordal) sparsity patteEh The
equality Xv = erepresents the null-space constraint of a di erential
operator, in the case of Laplacian= 1 is a constant function and
e=0is a zero vector because every row or column of a Laplacian
sums to zero. For the sake of simplicity, we describe the entire
process without expanding the spectral coarsening enebgand
the complete formulation is detailed in App. E.

Applying the chordal extension (Sec. 3.2) and the chordal decom-
position (Sec. 3.1) to Eq. 7 leads to

minimize  5tX° (12)
XefZgg
subjectto Xv=-e (12)
X 2S¢ (13)
Xg. = Or 819¢9 2 CnE (14)
¢]
X=  P;ZgPs (15)
&1
Zg O i=1s e?e (16)

where? is the number of maximal cliques. We convert the PSD
constraintX  0in Eq. 9 to many small PSD constrainfg 0
according to Theorem 1. Here we also perform chordal extension
to switch the sparsity from non-chordaE to a chordalC with
additional equality constraintXg. = 0 (see Eq. 4).

Ensuring the PSD property of the matrix requires a full (general-
ized) eigendecomposition followed by the removal of the negative
eigenvalues. When the matrix is large, a full decomposition is in-
tractable to compute. Using chordal decomposition to transform the
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freedom. The relationship betweex andxg is described by

vectXo = FTElx E* Xg = PpvectXOe 17)
wherePE is a selection matrix to

the sub-vectorxg. P2 is the in-

verse ofPg which is another ma-

trix to re-index elements inxg

back tovedX°. Note thatP is

di erent from the P>E as each non-diagonal element i gets
mapped to two entries irvectX?, instead of one entry, anﬁ’E1 can
be assembled easily without the need of explicitly inverting the
matrix. This change of variables incorporates both the chordal sym-
metric constraintX 2 SE and the equality constraintXg. = 0in
Eq. 11. After some derivation in App. B, we have

minimize  5!xg° (18)
xe*fzgg
subjectto Gxg =e (19)
L G
Pixge = Kezs (20)
&1

veclize 0 8=1 o7 (21)

We de ne zg B vec'Zg to be the vectorized cllque matrPGxE =
is the vectorized version of th&v = ein Eq. 12P; EXE= g1 Kez

is the vectorized chordal decomposition Eq. 15. Hlégedenotes the
index selection matrix for vectorized clique matrig.

We use another change of variables to further accelerate the
algorithm by restricting the vectorized chordal decomposition in
Eq. 20 to only the non-zeros in the chordal sparsity patt€ZnThat
is because the summation bfggin Eq. 20 only has non-zeros in the
chordal sparsity patterrC. We introduce another index selection
matrix P¢ to change Eqg. 20 into

L G
pEXE = Kgzg )
&1

¢]
Kezee
81

PcP2xe = Pc (22)

where Pc selects the lower triangular non-zeros i@ from the
original vectX®. HereP¢ is de ned the same as thBg in Eq. 17
but with a di erent sparsity patternC.

As zg is the vectorization of a
symmetricmatrix Zg, another re-
duction is achieved by applying

big PSD constraint (Eq. 9) to a set of small ones (Eq. 16) allows us to the same trick as Eq. 17 to restrict

e ciently project each Zgto PSD in parallel.

4.2 Change of Variables

Utilizing the fact thatX is symmetric with a sparsity patterik, we
propose to accelerate the solver via change of variables f¥oto

a compressed vectorg which consists of the non-zero elements
of the lower triangular part de ned byE. This change of variables
restricts the optimization to search only within the feasible sparsity
E. This is crucial to the performance of the solver becausés
sparse thugxgj | vectX©j signi cantly reduces the degrees of

the degrees of freedom &g to its lower triangular part€gvia an
expansion matrixQg (see the inset).

o

Z3

(23)
3

We usezgrzg to denote the vectorizedg and the vectorized lower
triangular part&s, respectively. We de nég as an inverse index
selection matrix that expands the vector of the lower triangular
elementzgto zg.

ACM Trans. Graph., Vol. 39, No. 6, Article 265. Publication date: December 2020.
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Combining the above results leads us to the reduced optimization
problem

minimize  51xg° (24)
Xg*Z
subjectto Gxg =e (25)
PcPExg = PcRz (26)
vecliQgz® 0 8=1s 7o (27)
where
R= KiQrr +KoQy + z= 857" (28)

This nal reduced formulation is an optimization problem which
involves only linear equalities and small dense PSD constraints.
We solve this optimization using ADMM (see App. A), alternating
between solving foxg andz Solving forxg when 5 is the spectral
coarsening energy boils down to a single linear solve; solving for
zleads to a subroutine of projecting each clique matrix to PSD by
removing the negative eigenvalues. The updatezin e cient as
eachzgis small and can be trivially parallelized. We provide details
of the ADMM derivation in App. C.

4.3 Weighted Spectral Coarsening

Solving Eqg. 24 results in a coarsened operator that preserves the

spectral properties of the original one. One can freely control the
sparsity pattern of the output by changing. In our experiments,
we choose either 1-, 2-, or 3-ring sparsities. The more rings in use,

Fig. 6. Using the same 3-ring sparsity pa ern, our convex formulation
enables the ADMM solver to converge to a be er result on shape (from
80,000 vertices to 600) where the gradient descent in [Liu e2@lL9] may
struggle to converge.

5.1 Evaluation Metrics

Functional maps [Ovsjanikov et a2012] describe how to trans-
port functions from one shap® to another shapeN . The idea

of functional map has led to breakthroughs in computing shape
correspondences [Ovsjanikov et 2017]. In the context of spectral
coarsening, functional maps become a tool for evaluating how the
eigenvectors of a discrete operatbr2 R~ = derived on a high-
resolution mesh are maintained by a coarsened oper@ R <.
Following the notation in Fig. 5, let 2 R~ * and® 2 R® * be two
set of eigenvectors df and X, respectively, the functional ma@
can be computed as

C=€>RR ” (30)

Here®! is the mass matrix in the coarse domain
andR s a restriction operator, encoding the cor-
respondences information from the original mesh

the better the results because we have more degrees of freedom in O its coarsened counterpart. The restriction op-

minimizing the spectral coarsening energy Eq. 5.

When the degrees of freedom are limited, such as using only 1-
ring, we notice that the solver would emphasize preserving relatively
higher frequencies and lead to worse performance in preserving the
lowest frequencies. In response, we weight the spectral coarsening
energy Eq. 5 via the inverse of eigenvalues, which leads to this
weighted version

gEixe=krMiL 1

13,2

km' (29)
where is a diagonal matrix of the eigenvalues of the original
operatorsL. In Sec. 5, we show that the weighted version leads to a
better spectral preservation in the low frequencies when using our
solver. This weighted formulation also naturally captures the notion
of null-space reproduction in Eq. 25, as we explicitly enforce the
null-space corresponding to the eigenvalQas a hard constraint,
i.e, with in nite weight.

M IXR

5 RESULTS

We evaluate our solver by comparing against the existing state-
of-the-art spectral coarsening [Liu et &019] and simpli cation
[Lescoat et al2020], using functional maps and the quantitative
metricsk k andk k proposed in[Lescoat et 22020]. We further
demonstrate the power of our solver in controlling the sparsity
patterns, approximating volumetric behavior using only boundary
surface vertices and detaching the di erential operator from the
mesh. We provide implementation details in App. F.
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erator is computed either during the decimation

[Lescoat et al2020] or simply a subset selection matrix as in [Liu
et al 2019]. One can also perceive the matéhas an inner product
matrix between the eigenvecto on the coarsened domain and
the restricted eigenvectorR to the coarsened domain. Due to the
orthonormality between eigenvectors, the optimal functional map
(or inner product matrix)C should be a diagonal matrix of values 1
and -1 (see inset).

Laplacian commutativity and Orthonormality norffihe func-
tional map should be orthonormal and commute with the original
Laplace operator in the reduced basis if and only if it preserves
corresponding eigenfunctions and eigenvalues exactly, as shown in
[Lescoat et al2020]. Thus the spectral preservation before and after
coarsening and simpli cation can be quanti ed using two norms:

kC  eck?
kCk?2
Orthonormality:k 1 = kC>C  1k®”

Laplacian commutativityk K = (31)

(32)

In our experiments, we visualize the functional m&pand report
both norms to convey a complete picture of spectral preservation.

5.2 Spectral Coarsening

Comparing to the original non-convex formulation Eg. 6 [Liu et al
2019], in Fig. 10 we show that our convex formulation consistently
achieves lower objective values across di erent number of coarsened
vertices (from 200 to 1200) and leads to better qualitative results (see
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