Orthogonal and Symmetric
Haar Wavelets on the Sphere

Christian Lessig and Eugene Fiume
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Objectives

* Efficient representation of spherical signals.

* Efficient processing of spherical signals.

lessig@dgp.toronto.edu Dynamic Graphics Project



100%

lessig@dgp.toronto.edu Dynamic Graphics Project



25%

lessig@dgp.toronto.edu Dynamic Graphics Project



12.5%

lessig@dgp.toronto.edu Dynamic Graphics Project



6.25%

lessig@dgp.toronto.edu Dynamic Graphics Project



1.5%

lessig@dgp.toronto.edu Dynamic Graphics Project



Objectives

* Efficient representation of spherical signals.

* Efficient processing of spherical signals.

=> Basis for L, (S?, dw) with:
1. Localization in space and frequency.

2. Orthogonality of basis functions.

3. Orientation invariance.
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Representations for Spherical Signals

* Spherical Harmonics (SH).
* Spherical Radial Basis Functions (SRBF).

e Wavelets defined over Euclidean domains.
[Ng et al. 2003; Ng et al. 2004; Wang et al. 2006]

* Discrete spherical wavelets.
[Schroder and Sweldens 1995]

* Nearly orthogonal spherical Haar wavelets.
[Nielson et al. 1997; Bonneau 1999; Rosca 2004]
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Requirements

1. Localization in space and frequency.
2. Orthogonality of basis functions.

3. Orientation invariance.

=> Orthogonal and symmetric spherical Haar
wavelet basis?
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Haar Wavelets in 2D
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Haar Wavelets in 2D
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Haar Wavelets in 2D
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Haar Wavelets in 2D
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Spherical Haar Wavelets
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Spherical Haar Wavelets

il I .

1 A 1

lessig@dgp.toronto.edu Dynamic Graphics Project

23



24

Spherical Haar Wavelets

vl P'_..,

N 22 Y

[ ..Jw.....w“mﬁ%w___x
IN\vigw: sEnil v

)

P e N o Ee

Dynamic Graphics Project

lessig@dgp.toronto.edu



25

Spherical Haar Wavelets

Dynamic Graphics Project

lessig@dgp.toronto.edu



26

Spherical Haar Wavelets

Dynamic Graphics Project

lessig@dgp.toronto.edu



27

i

‘\mx\:___,..‘
“ TV s Vs 2
LA

- l‘_.‘_ =

Spherical Haar Wavelets

Dynamic Graphics Project

lessig@dgp.toronto.edu



28

AT AR

729 N SN VAN
b

Spherical Haar Wavelets

Dynamic Graphics Project

lessig@dgp.toronto.edu



29

Spherical Haar Wavelets

Dynamic Graphics Project

lessig@dgp.toronto.edu



30

Spherical Haar Wavelets
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Spherical Haar Wavelets
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Spherical Haar Wavelets
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Spherical Haar Wavelets
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Spherical Haar Wavelets
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Spherical Haar Wavelets

* Scaling basis functions
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Spherical Haar Wavelets

* Scaling basis functions
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Spherical Haar Wavelets

* Scaling basis functions
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Spherical Haar Wavelets

* Scaling basis functions

Pjk
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Spherical Haar Wavelets

* Scaling basis functions
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Spherical Haar Wavelets

* Scaling basis functions
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SOHO Wavelets
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SOHO Wavelets
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SOHO Wavelets
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SOHO Wavelets

* Semi-orthogonal wavelet basis:

< ;'),ka Spj,k’> — <w31',k7 Spj,k:> — <¢
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SOHO Wavelets
* Semi-orthogonal wavelet basis:
<¢§'),k7 Spj,k’> — <w31',k7 Spj,k:> — <¢

=> Matrix notation:

(@i | Vik) =0

(@) | Pjv1,k)| Gk =0
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SOHO Wavelets

* Semi-orthogonal spherical Haar wavelets:
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SOHO Wavelets

* Symmetric, orthogonal spherical Haar wavelets?
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SOHO Wavelets
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SOHO Wavelets
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SOHO Wavelets
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SOHO Wavelets
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SOHO Wavelets
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Experiments

* Comparison of
- SOHO wavelets,
— Bio-Haar wavelets [schrsder and Sweldensl995],
- Pseudo Haar wavelets Ma et a. 2004),

- Four nearly orthogonal spherical Haar wavelet
bases [Nielson et al. 1997; Bonneau 1999].
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Experiments
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& —— SOHO
& —o— Bio-Haar
0.1 PseudoHaar 7
Nielson1
0.08t Nielson2 |
' - * — Bonneauft
o - © — Bonneau?2
g 0.06¢
Al
-
0.04+
0.02r
O L 1 P

10 10° 10
Coefficients Retained

lessig@dgp.toronto.edu Dynamic Graphics Project



7

Experiments
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Experiments

BRDF
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Experiments
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Experiments

Visibility Map
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Conclusion

* SOHO wavelet basis: symmetric and orthogonal
spherical Haar wavelets.

* Nearly orthogonal spherical Haar wavelets are
equivalent to SOHO basis for approximation.
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Future Work

* Other orthogonal and symmetric spherical Haar
wavelets?

* Orthogonal and symmetric spherical wavelets
which are smooth?

* How efficient are nearly orthogonal wavelets for
processing signals?

* How important is symmetry?

* Applications?
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More details and Matlab code:

www.dgp.toronto.edu/people/lessig/soho
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Appendix A: Subdivision Scheme

Our subdivision
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Appendix B: SH versus SOHO
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