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Fig. 22. Our runtime shows that our approach is more suitable for aggressive
coarsening (middle). For large input meshes and many eigenvectors in use
(top, bottom), computing eigendecomposition is the bottleneck.
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Fig. 23. Given a reference shape R and its deformed version D, we combine
the shape difference operator with our coarsening to compute a set of
samples that capture the areas of highest distortion between the shapes.

4.4 Efficient Shape Correspondence

A key problem in shape analysis is computing correspondences
between pairs of non-rigid shapes. In this application we show how
our coarsening can significantly speed up existing shape matching
methods while also leading to comparable or even higher accuracy.
For this we use a recent iterative method based on the notion of
Product Manifold Filter (PMF), which has shown excellent results
in different shape matching applications [Vestner et al. 2017]. This
method, however, suffers from high computational complexity, since
it is based on solving a linear assignment problem, O(n®), at each
iteration. Moreover, it requires the pair of shapes to have the same
number of vertices. As a result, in practice before applying PMF
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reference

deformed shape collection coarsening result
Fig. 24. By combining the shape difference operators from the reference
shape R to a collection of deformed shapes D, algebraic coarsening can
simplify a mesh based on the “union” of all the deformations.
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Fig. 25. Efficient matching computes the map Cu.: p( between the original
shapes by (1) applying our proposed coarsening to the shape pair and obtain
Cu: CM;M’ (2) compute shape correspondences C/\7;/\7 in the reduced
space, and (3) solve a linear system based on the commutative diagram.

shapes are typically subsampled to a coarser resolution and the
result is then propagated back to the original meshes. For example
in [Litany et al. 2017], the authors used the standard QSlim [Garland
and Heckbert 1997] to simplify the meshes before matching them
using PMF. Unfortunately, since standard appearance-based simpli-
fication methods can severely distort the spectral properties this can
cause problems for spectral methods such as [Vestner et al. 2017]
both during matching between coarse domains and while propagat-
ing back to the dense ones. Instead our spectral-based coarsening,
while not resulting in a mesh provides all the necessary informa-
tion to apply a spectral technique via the eigen-pairs of the coarse
operator, and moreover provides an accurate way to propagate the
information back to the original shapes.

More concretely, we aim to find correspondences between the
coarsened shapes N.M and to propagate the result back to the
original domains A, M by following a commutative diagram (see
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/\ Ours

Fig.26. Using our coarsening (top) to infer functional maps between the orig-
inal pair from the coarse pair introduces less error than using the appearance-
based mesh simplification (bottom), QSlim [Garland and Heckbert 1997].

Fig. 25). When all correspondences are encoded as functional maps
this diagam can be written in matrix form as:

C CN, Iz 8)

MAMENM=CR
where Cx y denotes the functional map from X to Y. Using Eq. 8,
the functional map C a/, o can be computed by solving a simple least
squares problem, via a single linear solve. Our main observation is
that if the original function space is preserved during the coarsening,
less error will be introduced when moving across domains.

We tested this approach by evaluating a combination of our coars-
ening with [Vestner et al. 2017] and compared it to several baselines
on a challenging non-rigid non-isometric dataset containing shapes
from the SHREC 2007 contest [Giorgi et al. 2007], and evaluated the
results using the landmarks and evaluation protocol from [Kim et al.
2011] (please see the details on both the exact parameters and the
evaluation in the Appendix). Figure 26 shows the accuracy of sev-
eral methods, both that directly operate on the dense meshes [Kim
et al. 2011; Nogneng and Ovsjanikov 2017] as well as using kernel
matching [Vestner et al. 2017] with QSlim and with our coarsening.
The results in Figure 26 show that our approach produces maps with
comparable quality or superior quality to existing methods on these
non-isometric shape pairs, and results in significant improvement
compared to coarsening the shapes with QSlim. At the same time,
in Table 1 we report the runtime of different methods, which shows
that our approach leads to a significant speed-up compared to ex-
isting techniques, and enables an efficient and accurate PMF-based
matching method (see Fig. 27) with significantly speedup.

4.5 Graph Pooling

Convolutional neural networks [LeCun et al. 1998] have led to
breakthroughs in image, video, and sound recognition tasks. The
success of CNNs has inspired a growth of interest in generalizing
CNNis to graphs and curved surfaces [Bronstein et al. 2017]. The
fundamental components of a graph CNN are the pooling and the
convolution. Our root node representation P, K defines a way of
performing pooling on graphs. Meanwhile, our output L facilitates
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Fig. 27. Our efficient shape correspondence with kernel matching [Vestner
et al. 2017] achieves comparable matching quality on many non-isometric
shape pairs from SHREC [Giorgi et al. 2007] dataset with methods that
directly operator on dense meshes [Kim et al. 2011; Nogneng and Ovsjanikov
2017].

graph convolution on the coarsened graph due to the convolution
theorem [Arfken and Weber 1999].

To evaluate the performance of graph pooling, we construct sev-
eral mesh EMNIST datasets where each mesh EMNIST digit is stored
as a real-value function on a triangle mesh. Each mesh EMNIST
dataset is constructed by overlaying a triangle mesh with the original
EMNIST letters [Cohen et al. 2017]. We compare our graph pooling
with the graph pooling IN [Defferrard et al. 2016] by evaluating
the classification performance. For the sake of fair comparisons, we
use the same graph Laplacian, the same architecture, and the smae
hyperparameters. The only difference is the graph pooling module.
In addition to EMNIST, we evaluate the performance on the fashion-
MNIST dataset [Xiao et al. 2017] under the same settings. In Fig. 28,
we show that our graph pooling results in better training and testing
performance. We provide implementation details in Appendix F.

5 LIMITATIONS & FUTURE WORK

Reconstructing a valid mesh from our output coarsened operator
would enable more downstream applications. Incorporating a fast
eigen-approximation or removing the use of eigen decomposition
would further scale the spectral coarsening. Moreover, exploring
sparse SDP methods (e.g. [Sun and Vandenberghe 2015]) could im-
prove our operator optimization. Jointly optimizing the sparsity
and the operator entries may lead to even better solutions. Further
restricting the sparsity pattern of the coarsened operator while main-
taining the performance would aid to the construction of a deeper

Table 1. We report the total time, pre-computation time + runtime, for
computing a 60-by-60 functional map on a shape pair with 14,000 vertices
each. Our pre-computation time will be amortized by the number of pairs
because we apply coarsening on each shape independently, and the number
of combinations is quadratic in the number of shapes. Our runtime is orders
of magnitude faster because we only need to perform shape matching in
the coarsened domain (i.e., 300 vertices).

[Nogneng 17]+ICP  [Nogneng 17] [Kim 11] [Vestner 17]+ours
32.4 sec 4.6 sec 90.6 sec 10.8+0.3 sec
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= [Defferrard et al. 2016] training loss [Defferrard et al. 2016] validation loss
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Fig. 28. Graph pooling using our coarsening performs better than the pool-
ing presented in [Defferrard et al. 2016] on classifying the mesh EMNIST
(top row) and the mesh fashion-MNIST (bottom row) datasets.

multilevel representation, which could aid in developing a hierar-
chical graph representation for graph neural networks. A scalable
coarsening with a deeper multilevel representation could promote a
multigrid solver for geometry processing applications. Generalizing
to quaternions would extend the realm of our coarsening to the
fields that deal with quaternionic operators.
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A DERIVATIVE WITH RESPECT TO SPARSE G

To use a gradient-based solver in Algorithm 2 to solve the opti-

mization problem in Eq. 7 we need derivatives with respect to the

non-zeros in G (the sparsity of Sg). We start with the dense gradient:

aEk d 1

4G~ 4G 2

We start the derivation by introducing two constant variables A, B
to simplify the expression

OE _
9G GG 2
A=PML®, B = PO.

—|[PM7ILD — /\AlcTLGP<I>||2

||A M~ 1GTLGBH2

Using the fact that L, M, M are symmetric matrices and the rules
in matrix trace derivative, we expand the equation as follows.

OE 01 1~T 2
Lk _ A-M1GTLGB
4G acz” v
a —_ —_ o~
= %—tr (AT =BTG"LGM™)M(A - M~'GTLGB))
d
~ -5 (r(BTcTLCA) + —tr(BTGTLGM 'GTLGR))

— (LGABT + LGBA™)
+(LGM™'GTLGBB™ + LGBBTGTLGM™)
LG(-ABT - BAT + M"1GTLGBBT + BBTGTLGM™)

Computing the 9Ex/8G subject to the sparsity Sg can be naively
achieved by first computing the dense gradient 0Ex/dG and then
project to the sparsity constraint through an element-wise product
with the sparsity Sg. However, the naive computation would waste
a large amount of computational resources on computing gradient
values that do not satisfy the sparsity. We incorporate the sparsity
and compute gradients only for the non-zero entries as

OE
Y =LG
Z=-ABT —BAT + M"IGTLGBBT + BBTGTLGM ™},

where Yj., Z.j denote the ith row of Y and the jth column of Z.

B SPARSE ORTHOGONAL PROJECTION

Let g € R? be the vector of non-zeros in G, so that vec(G) = Zg,
where Z € {0, 1}"""*? scatter matrix.

Given some G; that does not satisfy our constraints, we would
like to find its closest projection onto the matrices that do satisfy
the constraints. In other words, we aim at solving:

minimize ||G — Gq||
G=Sg
subject to GP®y — @y = 0.

Using properties of the vectorization and the Kronecker product,
we can now write this in terms of vectorization:

minimize ||g — g1
g

subject to (P®g)" ® id;,)Zg — vec(®g) = 0



whose solution is given as:
g=g1—-AT(AAT)'b
=((PPo)" ®idm)Z
= ((P®o)" ® idm)Zg1 — vec(®y).

This can be simplified to an element-wise division when @ is a
single vector.

C EIGENVALUE PRESERVATION

Minimizing the commutative energy Eq. 4 implies
PM™IL®D; = MILP®;. )

As ®; comes from solving the generalized eigenvalue problem, for
every ®; we must have: L®; = A;M®;. Therefore, Eq. 9 implies
AiPM71®; = I\~/\_1EP(D1~, which means that P®; must be an eigen-
vector of M™!IL corresponding to the same eigenvalue A;.

D MODIFIED SHAPE DIFFERENCE

Rustamov et al. [2013] capture geometric distortions by tracking
the inner products of real-valued functions induced by transporting
these functions from one shape to another one via a functional
map [Ovsjanikov et al. 2012]. This formulation allows us to compare
shapes with different triangulations and encode the shape difference
between two shapes using a single matrix. Given a functional map
C between a reference shape R and a deformed shape D, the area-
based shape difference operator A can be written as ([Rustamov
et al. 2013] option 2)

Ag.p=CTC,

where C is the functional map from functions on R to functions
on D. The operator Ag o encodes the difference between R and
D. Its eigenvectors corresponding to eigenvalues larger than one
encode area-expanding regions; its eigenvectors corresponding to
eigenvalues smaller than one encode area-shrinking regions.

Motivated by the goal of producing denser samples in the parts un-
dergoing shape changes, no matter the area is expanding or shrink-
ing, our modified shape difference operator A has the form

Ag p = (id - Ag p)"(id — Ag p).

This formulation treats area expanding and shrinking equally, the
eigenvectors of eigenvalues larger than zero capture where the
shapes differ.
Note that this A is a size k-by-k matrix where k is the number of

bases in use. We map A back to the original domain by

% orj X

AR% = DrAg pPp.
Although the A% %,
spond to any edge in the triangle mesh, the non-zero components
corresponding to actual edges contain information induced by the

operator. Therefore by extracting the inverse of the off-diagonal

components of A(;;l% that correspond to actual edges as the —L;j,

is dense and lots of components do not corre-

we can obtain a coarsening result induced by shape differences.
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E EFFICIENT SHAPE CORRESPONDENCE
We obtain dense functional maps from coarse ones by solving

CmmCNm=Cg mCn R (10)

where CNM,CM M’CNM
the Laplace basis. CRaiis the functional map of functions stored
in the hat basis. To dlstmgulsh Cx N ~ from others, we use T & N

to represent the map in the hat basis. Eq. 10 can be re-written as

PHC M MENM =TT PR Cn, A

where ® are eigenvectors of the Laplace-Beltrami operator. Then we
can solve the dense map by, for example, the MATLAB backslash.

= (CI)M"C

are functional maps represented in

Cam M AN TG MPRC N A

Due to limited computational power, we often use truncated eigen-
vectors and functional maps. To avoid the truncation error destroys
the map inference, we use rectangular wide functional maps for both
C M C NN to obtain a smaller squared C N, M- For instance, the
experiments in Fig. 27 use size 120-by-200 for both CM, It CN, Iz
and we only take the top left 120-by-120 block of C o/ 44 in use.

To compute C N (or T I /\7)’ we normalize the shape to have
surface area 2,500 for numerical reasons, coarsen the shapes down
to 500 vertices, and use the kernel matching [Vestner et al. 2017]
for finding bijective correspondences. We use « = 0.01 (the same
notation as [Vestner et al. 2017]) to weight the pointwise descriptor,
specifically the wave kernel signature [Aubry et al. 2011]; we use
time parameter 0.01 X surface area for the heat kernel pairwise de-

scriptors; we use 7 landmarks for shape pairs in the SHREC dataset.

F  GRAPH POOLING IMPLEMENTATION DETAIL

We use the LeNet-5 network architecture, the same as the one used
in [Defferrard et al. 2016], to test our graph pooling on the mesh
EMNIST [Cohen et al. 2017] and mesh fashion-MNIST [Xiao et al.
2017] datasets. Specifically, the network has 32, 64 feature maps
at the two convolutional layers respectively, and a fully connected
layer attached after the second convolutional layer with size 512.
We use dropout probability 0.5, regularization weight 5e-4, initial
learning rate 0.05, learning rate decay 0.95, batch size 100, and train
for 150 epochs using SGD optimizer with momentum 0.9. The graph
filters have the support of 25, and each average pooling reduces the
mesh size to roughly 1/8 of the size before pooling.

Our mesh is generated by the Poisson disk sampling followed
by the Delaunay triangulation and a planar flipping optimization
implemented in MESHLAB [Cignoni et al. 2008]. We also perform
local midpoint upsampling to construct meshes with non-uniform
discretizations. Then EMNIST letters are “pasted” to the triangle
mesh using linear interpolation.
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