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Fig. 15. Our method can untangle the Ochiai unknots [1990] that are known

to be challenging.

Fig. 16. Higher _ achieves higher coverage of the curve at thin regions, at

the cost of having pronounced wriggles.

of A� 3”36•
p

U, allowing the user to obtain a curve with a desired

curve thickness.

The preconditioner weight _ can control the magnitude of the

higher-order spectral components that lead to pronounced wriggles

(Figure 7). As a result, the user can have a higher _ to generate a

curve with local entanglement, while a lower _ to generate global

entanglement.We also observed that lower_ leads to lower coverage

due to the Laplacian’s smoothing effect on the gradient directions

(Figure 16).

The binary search radius Amax can control the growing speed of

the curve (Figure 9), which could be useful for creating animations.

Finally, the number of ray directions # is crucial for runtime, as

the number of closest point queries we need to run is proportional

to # (Figure 17). We observed that as we reduce # , the runtime

gets shortened at the cost of convergence issues, leading to a lower

success rate in the knot dataset (226/228 with # = 8 and 136/228

with # = 4) than the full flow (228/228 with # = 16, see the

supplemental material). This suggests that a smaller # could be used

for a preview suitable for trial and error of tweaking the parameters,

while a larger # could be used later for the full flow.

Runtime breakdown per iteration gradient norm per node vs. iteration
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Fig. 17. Reducing the number of ray directions # can reduce the runtime

per iteration, at the cost of causing convergence issues.

Input

self-intersection unstableconverged

Fig. 18. We empirically find that V = 0”01keeps the flow stable, without

causing self-intersections or numerical instability at larger time steps.

6 CONCLUSION AND DISCUSSION

We proposed a volume-filling curve energy and a knot untangling

algorithm that serves as a drop-in replacement of Repulsive Curves

[Yu et al. 2021b], showing significant improvements in speed and

robustness. We extensively showed that our method can untangle

a wide variety of knots quickly and robustly. Our method offers

several tunable parameters, allowing users to guide the design of

the curve.

Our fast, robust, and controllable algorithm could open up a new

design space in motion path planning and computational design.

Our radius control can change the spacing between the curves when,

e.g., visualizing vascular networks (see [Yu et al. 2021b, Fig. 28]).

Another useful scenario would be analyzing protein knots [Hsu

et al. 2024] with our fast and robust flow.

10,000
iterations

A fundamental theoretical

inquiry persists regarding the

empirical relationship between

the curve thickness Aand the

weighting parameter U.
Our flow did not termi-

nate on Haken’s Gordian knot

[Petronio and Zanellati 2016]

even after a sufficient runtime

(see inset). We thus leave this task for future work.

Although we did not resort to any multigrid or parallelization

schemes, applying them could make our algorithm even faster. Es-

pecially, finding the medial axis positions via binary search was the

main bottleneck of our method (Figure 17). Thus, parallelizing the

closest point query on the GPU could potentially lead to a speedup.

Finally, we hope that our volume-filling energy and knot untan-

gling algorithm will help the computer graphics community and

artists to design volume-filling curves interactively and robustly.
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