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Fig. 12. Holey, non-manifold triangle meshes A and B each induce a
generalized winding number function on the other’s faces, useful for boolean
operations such as A \ B.

Fig. 13. A holey cylinder is subtracted from a holey bunny.

increased, more and more of the computation moves from far �eld

expansions to near �eld recursion and direct summation, increasing

runtime. However, increasing β rapidly decreases the error. For ex-

ample, if we choose β so large that our runtimes are equivalent to

the divide and conquer method of Jacobson et al. [2013], then our

approximation error is already below machine epsilon for single-

precision �oats (10
−7
).

For a measure of quality, we evaluated our fast winding number

on the Thingi10K dataset, using a 100
3
voxel grid. Over 50% of shapes

had exactly zero misclassi�ed voxels using our approximation. The

median number of misclassi�cations is therefore also zero, and the

average is 363 (or, 0.0363%). The average root mean squared error

of the fast winding number value is 8e−3.
Boolean composition operations are a standard tool in the shape

modeling toolbox, and widely used with mesh representations. Geo-

metric mesh Boolean techniques generally operate by computing

intersections of the mesh elements. If there are holes in the mesh in

the intersection regions, then the Boolean operation is mathemati-

cally ill-posed. However, given two “holey” surfaces such as those

in Fig. 12, one can easily imagine what the Boolean result might

be. Our fast winding numbers provide a way to implement such an

operation. Rather than intersect the triangles, we trim each mesh

against the winding �eld of the other [Jacobson 2016]. The result

follows our intuition – where triangles exist, the cut lines follow

them, and where they do not, something sensible happens.

In Fig. 13, we take the di�erence of two very holey meshes. Tri-

angle edges are not stitched in the few areas where they do touch.

While this is possible, it is insigni�cant given the large number of

adjacent holes. This notion of surfaces being closed “within a toler-

ance” is widely accepted in all industry-standard Computer-Aided

input soup body solid harnessharness

=\

Fig. 14. The harness and accessories of this army man were modeled as
mere façades: all have missing backs and are simply placed atop the man’s
body (backfaces shown with red stripes). The body itself also has mesh
defects, but despite these problems, we subtract it from the harness to
create e�ectively solid pieces.

overlay union 3D printsoup

cloud

Fig. 15. A point cloud of St. John the Baptist’s severed head and a “pedestal”
created out of a soup of ribbons are unioned each induce a continuous
winding number field. We quickly approximate this during their Boolean
union and send the result to be 3D printed. Credit for the head model goes
to Geo�rey Marchal [2015].

Design (CAD) tools, where B-Rep “solids” are formed from trimmed

NURBS patches. In the general case it is mathematically impossible

for two adjacent trimmed patches to exactly meet along a 3D curve.

Despite these gaps, the geometry can be rendered, simulated, and

manufactured.

Fig. 14 illustrates another example representative of the kinds of

models commonly found in the �lm and games industries, where

many shape details are open shells that simply intersect. Visually

this assembly forms an apparent solid suitable for display, but ge-

ometrically it is a disaster for many downstream applications. We

can close o� the large open regions of the equipment harness by

subtracting the body of the underlying character. The geometry in

areas away from the intersections remains unmodi�ed. We can now,

for example, render this harness independently in an equipment-

selection screen, apply deformable-body simulation while colliding

it with the character’s clothing, or 3D-print a separate removable

plastic harness during a �gurine-design work�ow.

The examples above illustrate an interesting approach to mesh

modeling, where we no longer depend on having closed, well-

de�ned volumes. Each mesh “part” has an associated winding �eld

that interpolates the existing geometry, while doing something

sensible in any soupy areas. Operations can be formulated using

whichever of these representations is most relevant. We can also

incorporate our point-based winding �eld into this framework, al-

lowing for hybrid operations between point-set surfaces and meshes

(see Fig. 15).
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Fig. 16. Here we take a 2D slice through the 3D winding number field of
the octopus model found in Fig. 8

Input cloud Offset surface

Fig. 17. By signing the distance field, we can take an o�set surface that
strictly contains the point cloud.

In Fig. 5 we compare our point-based de�nition of the winding

number using approximated areas and ground truth, demonstrating

robustness. From our area estimation we are able to extract the point

surface from a �xed isovalue of
1

2
.

For point cloud timings on a laptop, refer to the example in Fig. 16.

On a point cloud of 300,000 dipoles, with 250,000 queries, the fast

winding number took 0.578 seconds for the precomputation and an

average evaluation of 3.01 micoseconds per query. In contrast, the

direct evaluation took an average of 4,080 microseconds per query.

The maximum approximation error was less than 0.1, with a root

mean squared error of 0.0191, which was su�cient to produce the

isosurface in Fig. 8.

Using the inside-outside testing of the winding number, we are

able to bestow sign upon an unsigned distance �eld. This can be

done for both triangles and points. In Fig. 1 we sign a distance �eld

of a soupy triangle mesh, and in Fig. 17 we use signed distance to

create an o�est surface for a point cloud.

With our fast winding numbers for points, we are able to 3D

print directly from point clouds and soupy meshes – no meshing

or remeshing required (see Fig. 3). This allows us to save on both

memory and computation. We note that this slicing step is a small

fraction – less than 10% – of the print preparation time. These slices

are then passed to the toolpathing software. At the level of accuracy

of 3D print heads, determining the print paths from both mesh

and point cloud winding number �elds is essentially lossless – the

printing of sharp corners and small features will be indistinguishable

from those generated by slicing triangles.

5 LIMITATIONS & CONCLUSION
The classic and generalized winding numbers require orientation.

This applies to the soups and clouds we consider, too. For unoriented

soups, automatic methods for determining a consistent orientation

exist (e.g., [Borodin et al. 2004; Takayama et al. 2014]). For unori-

ented point clouds, o�-the-shelf normal estimation methods (e.g.,

MeshLab [Cignoni et al. 2008]) complement our method well: a few

incorrectly oriented points will only degrade the overall winding

number �eld locally.

As mentioned in the introduction, our method does not directly

�t the requirements for surface reconstruction of noisy points. Our

point set surfaces are interpolating: dipoles are ±∞ on either side, so

any isovalue will pass through them (see Fig. 8). Early experiments

show that treating noisy points as random variables drawn from

Gaussian distributions is a promising approach (e.g., using Monte

Carlo sampling to generate more points creates a smoothed winding

number). Similarly, we show results for point samplings of complete

surfaces without boundaries. For “partial surfaces”, the level-set iso-
value should be adjusted according to total Gaussian curvature

(analog of a 2D curve’s turning number). Fortunately, curvature
estimation for point clouds is well studied [Belkin et al. 2009; Cazals

and Pouget 2003]. It would also be interesting to consider using

interval trees to improve isosurface extraction [Cignoni et al. 1997].

Our fast evaluation for triangle soups and point clouds will not

only improve the performance of all applications already relying

on generalized winding numbers, but opens the door to new op-

portunities. We foresee a rich topic of research exploring how to

push raw, unstructured geometric data like soups and clouds farther
along the geometry processing pipeline.
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A DIPOLE DERIVATIVES
For convenience, we list the gradient and Hessian of a dipole with

center position x ∈ R3 and normal vector n̂ ∈ R3 at a query point

q ∈ R3. Let I ∈ R3×3 be the identity matrix, ei be its ith column,

and r = x − q. Then

∇G(q, x) =
r

4π ‖r‖3
, (22)

∇2G(q, x) =
I

4π ‖r‖3
−

3r ⊗ r
4π ‖r‖5

, (23)

∇3G(q, x) = −
∑
3

i=1 r ⊗ ei ⊗ ei + ei ⊗ r ⊗ ei + ei ⊗ ei ⊗ r

4π ‖r‖5
(24)

+
15r ⊗ r ⊗ r
4π ‖r‖7

.
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B TRIANGLE INTEGRALS
We also list the closed form expressions for the coe�cients of our

dipole integrated over a triangle t with corner positions xi , xj , xk
and area at expanded about a cluster center p̃. These functions are
constant, linear and quadratic with respect to the position in the

triangle. Consequently, we use single point quadrature for the �rst

two integrals and edge-midpoint quadrature for that last. All are

exact. ∫
t
n̂t dA = at n̂t (25)∫

t
(x − p̃) ⊗ n̂t dA = at

(
1

3

(xi + xj + xk ) − p̃
)
⊗ n̂t (26)∫

t
(x − p̃) ⊗ (x − p̃) ⊗ n̂t dA = atCt ⊗ n̂t , (27)

(28)

where

Ct =
1

3

(
1

2

(xi + xj ) − p̃
)
⊗

(
1

2

(xi + xj ) − p̃
)
+

1

3

(
1

2

(xj + xk ) − p̃
)
⊗

(
1

2

(xj + xk ) − p̃
)
+

1

3

(
1

2

(xk + xi ) − p̃
)
⊗

(
1

2

(xk + xi ) − p̃
)
. (29)

ACM Transactions on Graphics, Vol. 37, No. 4, Article 43. Publication date: August 2018.


