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Figure 1: Scattering of light in (a) a BRDF, and (b) a BSSRDF.

by integrating the incident radiance over incoming directions and
area, A:

Lo(xo, !ωo)=

∫

A

∫

2π

S(xi, !ωi; xo, !ωo) Li(xi, !ωi) (!n·!ωi) dωidA(xi).

Light propagation in a participating medium is described by the
radiative transport equation, often referred to in computer graphics
as the volume rendering equation:

(!ω·!∇)L(x, !ω)= −σtL(x, !ω)+σs

∫

4π

p(!ω, !ω′)L(x, !ω′) dω′+Q(x, !ω).

In this equation, the properties of the medium are described by
the absorption coefficient σa, the scattering coefficient σs, and the
phase function p(!ω, !ω′). The extinction coefficient σt is defined
as, σt = σa + σs. We assume the phase function is normalized,∫
4π

p(!ω, !ω′) dω′ = 1 and is a function only of the phase angle,

p(!ω, !ω′) = p(!ω · !ω′). The mean cosine, g, of the scattering angle
is

g =

∫

4π

(!ω · !ω′)p(!ω · !ω′) dω′.

If g is positive, the phase function is predominantly forward scat-
tering; if g is negative, backward scattering dominates. A constant
phase function results in isotropic scattering (g = 0).
For an infinitesimal beam entering a homogeneous medium,

the incoming radiance will decrease exponentially with distance s.
This is referred to as the reduced intensity:

Lri(xi + s!ωi, !ωi) = e−σtsLi(xi, !ωi).

The first-order scattering of the reduced intensity, Lri, may be
treated as a volumetric source:

Q(x, !ω) = σs

∫

4π

p(!ω′, !ω)Lri(x, !ω′) dω′.

To gain insight into the volumetric behavior of light propaga-
tion, it is useful to integrate the radiative transport equation over all
directions !ω at a point x which yields

!∇ · !E(x) = −σaφ(x) + Q0(x). (1)

This equation relates the scalar irradiance, or fluence,
φ(x) =

∫
4π

L(x, !ω) dω, and the vector irradiance,

!E(x) =
∫
4π

L(x, !ω)!ω dω. In the absence of loss due to ab-

sorption or gain due to a volumetric light source (Q0 = 0), the
divergence of the vector irradiance equals zero. In this equation,
we introduce a 0th-order source term, Q0, and later we will need

the 1st-order source term, !Q1, where

Q0(x) =

∫

4π

Q(x, !ω) dω, !Q1(x) =

∫

4π

Q(x, !ω)!ω dω.

S BSSRDF
Rd Diffuse BSSRDF
Fr Fresnel reflectance
Ft Fresnel transmittance
Fdr Diffuse Fresnel reflectance
!E Vector irradiance
φ Radiant fluence
σa Absorption coefficient
σs Scattering coefficient
σt Extinction coefficient
σ′t Reduced extinction coefficient
σtr Effective extinction coefficient
D Diffusion constant
α Albedo
p Phase function
η Relative index of refraction
g Mean cosine of the scattering angle
Q Volume source distribution
Q0 0th-order source distribution
!Q1 1st-order source distribution

Figure 2: Selected symbols.

2.1 The Diffusion Approximation

The diffusion approximation is based on the observation that
the light distribution in highly scattering media tends to become
isotropic. This is true even if the initial light source distribution
and the phase function are highly anisotropic. Each scattering event
blurs the light distribution, and as a result the light distribution tends
toward uniformity as the number of scattering events increases.
In this situation, the radiance may be approximated by a two-

term expansion involving the radiant fluence and the vector irradi-
ance:

L(x, !ω) =
1
4π

φ(x) +
3
4π

!ω · !E(x).

The constants are determined by the definitions of fluence and vec-
tor irradiance.
The diffusion equation follows from this approximation. Specif-

ically, we substitute this two-term expansion of the radiance into
the radiative transport equation and then integrate over !ω; for the
algebraic details consult Ishimaru [12]. The result is

!∇φ(x) = −3σ′t !E(x) + !Q1(x). (2)

Here we have used the reduced extinction coefficient, σ′t, which is
given by

σ′t = σ′s + σa where σ′s = σs(1− g) .

The reduced scattering coefficient σ′s scales the original scattering
coefficient by a factor of (1 − g). Intuitively, once light becomes
isotropic, only backward scattering terms change the net flux; for-
ward scattering is indistinguishable from no scattering.
In the case where there are no sources, or where the sources are

isotropic, !Q1 vanishes from Equation 2. Then the vector irradiance
is the gradient of the scalar fluence,

!E(x) = −D!∇φ(x).

Here D = 1
3σ′

t
is the diffusion constant. This equation makes pre-

cise the intuitive notion that there is net energy flow (i.e., non-zero
vector irradiance) from regions of high energy density (high flu-
ence) to regions of low energy density.
Finally, substituting Equation 2 into Equation 1, we arrive at the

classic diffusion equation

D∇2φ(x) = σaφ(x)−Q0(x) + 3D!∇ · !Q1(x).
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Figure 3: An incoming ray is transformed into a dipole source for
the diffusion approximation.

2.2 Single Scattering Term

Hanrahan and Krueger [10] have derived a BRDFmodel for subsur-
face reflection that analytically computes the total first-order scat-
tering from a flat, uniformly lit, homogeneous slab. In this section,
we show how their BRDF can be extended to a BSSRDF in order
to account for local variations in lighting over the surface.

The total outgoing radiance, L(1)
o , due to single scattering is

computed by integrating the incident radiance along the refracted
outgoing ray (see Figure 4):

L(1)
o (xo, !ωo) = σs(xo)

∫

2π

F p(!ω′i · !ω′o)

∫ ∞

0

e−σtcsLi(xi, !ωi) ds d!ωi (6)

=

∫

A

∫

2π

S(1)(xi, !ωi; xo, !ωo) Li(xi, !ωi) (!n · !ωi) dωidA(xi).

Here F = Ft(η, "ωo)Ft(η, "ωi) is the product of the two Fresnel
transmission terms, and "ω′i and "ω′o are the refracted incoming and
outgoing directions. The combined extinction coefficient σtc is
given by σtc = σt(xo) + Gσt(xi), where G is a geometry fac-

tor; for a flat surface G =
|!ni·!ω′o|
|!ni·!ω′i|

. The single scattering BSSRDF,

S(1), is defined implicitly by the second line of this equation. Note
that there is a change of variables between the first line, which in-
tegrates only over the configurations where the two refracted rays
intersect, and the second line, which integrates over all incoming

and outgoing rays. This implies that the distribution S(1) contains
a delta function.

2.3 The BSSRDF Model

The complete BSSRDF model is a sum of the diffusion approxima-
tion and the single scattering term:

S(xi, "ωi; xo, "ωo) = Sd(xi, "ωi; xo, "ωo) + S(1)(xi, "ωi; xo, "ωo)

Here Sd is evaluated using Equation 5 and S(1) is evaluated us-
ing Equation 6. The parameters for the BSSRDF are: σa, σ′s, η,
and possibly a phase function (without a phase function the scat-
tering can be modeled as isotropic). This model accounts for light
transport between different locations on the surface, and it simu-
lates both the directional component (due to single scattering) as
well as the diffuse component (due to multiple scattering).
Finally, note the distances involved in both the single scattering

term and the diffusion approximations. The average exit point is
approximately one mean free path from the entry point. However,
these two mean free paths have quite different length scales. In
the single scattering case, the mean free path equals 1/σt; in the
diffusion case, the mean free path equals 1/σtr . For translucent
materials where σa ! σ′s and consequently σtr ! σt, the single
scattering term decreases much faster than the diffusion term as the
distance to xo increases.

x

s

i
x
o

Figure 4: Single scattering occurs only when the refracted incoming
and outgoing rays intersect, and is computed as an integral over path
length s along the refracted outgoing ray.

2.4 BRDF Approximation

We can approximate the BSSRDF with a BRDF by assuming that
the incident illumination is uniform. This assumption makes it pos-
sible to integrate the BSSRDF over the surface. By integrating the
diffusion term we find the total diffuse reflectance Rd of the mate-
rial as:

Rd = 2π

∫ ∞

0

Rd(r) r dr =
α′

2

(
1 + e−

4
3 A
√

3(1−α′)
)

e−
√

3(1−α′) .

Notice how the diffuse reflectance only depends on the reduced
albedo and the internal reflection parameter A.
The integration of the single scattering term results in the model

presented in [10]. For a semi-infinite medium this gives:

f (1)
r (x, "ωi, "ωo) = αF

p("ω′i · "ω′o)

|"n · "ω′i| + |"n · "ω′o| .

The complete BRDF model is the sum of the diffuse reflectance
scaled by the Fresnel term and the single scattering approximation:

fr(x, "ωi, "ωo) = f (1)
r (x, "ωi, "ωo) + F

Rd

π
.

This model has the same parameters as the BSSRDF. It is similar
to the BRDF model presented in [10], but with the important differ-
ence that the amount of diffusely reflected light is computed from
the intrinsic material parameters. The BRDF approximation is use-
ful for opaque materials, which have a very short mean free path.

3 Measuring the BSSRDF

To verify our BSSRDF model, and to determine appropriate pa-
rameters for rendering different kinds of materials, we used the
diffusion theory of Section 2 to make measurements of subsurface
scattering in several media. Our measurement approach applies to
translucent materials for which σa ! σs, implying that far enough
away from the point of illumination, we may neglect single scatter-
ing and use the diffusion term to relate measurements to material
parameters.
When multiple scattering dominates, Equation 4 predicts the ra-

diant exitance per unit incident flux that will be observed due to a
narrow incident beam, as a function of distance from the point of
illumination. To make the corresponding measurement, we illumi-
nate the surface of a sample with a tightly focused beam of white
light and take a photograph using a 3-CCD video camera to observe
the radiant exitance across the entire surface. We keep our obser-
vations at constant angles so that the Fresnel term remains constant
for all the measurements. Figure 5(a) illustrates our measurement
setup.
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scattering processes

• absorption

• emission

• out scattering

• in scattering

• extinction



absorption



emission



out scattering
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transmittance



optical thickness



in scattering

• distance between partcles many times larger 
than radius

• describe with phase functions



phase functions





radiative transport



BSSRDF

• bidirectional subsurface scattering reflectance 
distribution function

• bidirectional surface scattering distribution 
function

• bidirectional scattering surface reflectance 
distribution function



BSSRDF



analytic models

• scattered light enters at one point

• based on linear trannsport theory

• infinite homogeneous plane

• constant illumination



Blinn 1982

• HG phase function, Rayleigh scattering

• derived from a statistical model of scattering 
events

• layer of clouds or dust



Blinn 1982

Figure 9a - Saturn Rings (Illuminated side) Figure 9b - Saturn Rings (Un-Illuminated side) 

This results in an effective optical depth 

t' = t/(l-D) 

~br the very small values of D for which the 
approximation was valid this reduces to the 
classical result. When D approaches 1 (i.e. a 

solid packing of scattering particles) the 
effective optical depth approaches infinity, as 

would be expected. Note that this extension is 

particularly nice in that it only alters the value 
of the input parameter to the brightness function 
but does not otherwise alter the properties of 
that function. 

5.2 Shadowing Effect 

The scattering function was derived from 

considering the volume of two cylinders for 
entering and exiting rays of light. At that time 
is was mentioned that there was a small overlap 
between the cylinders Vin and Vout which was 
neglected. This overlap actually becomes quite 
significant when L=E (p=p0). The two cylinders, in 
fact, coincide and the entire volume is 
erroneously counted twice. This geometrical 
situation will yield a brighter observed intensity 
than that predicted by the simple model. The 
correct value will be produced by counting only 

Planet Surface Cloud Layer Cloud Covered Planet 

Figure i0 - Simulation of Cloudy Atmosphere 
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Hanrahan and Krueger 
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• derived from radiative transport theory

• multiple layers

• captures directional effects



Hanrahan and Krueger 
1990

!i !r

!t

!’

!

z

!r

Li
Lr,s Lr,v

Lt,v

!t
Lri

d

layer1

layer2

layer3

Figure 1: The geometry of scattering from a layered surface

(θi,φi) Angles of incidence (incoming)

(θr ,φr) Angles of reflection (outgoing)
(θt ,φt) Angles of transmission

L(z; θ,φ) Radiance [W / (m2 sr)]
Li Incident (incoming) radiance

Lr Reflected (outgoing) radiance
Lt Transmitted radiance
L+ forward-scattered radiance

L− backward-scattered radiance
fr(θi,φi; θr ,φr) BRDF

ft(θi,φi; θt ,φt) BTDF
fr,s(θi,φi; θr ,φr) Surface or boundary BRDF
ft,s(θi,φi; θt ,φt) Surface or boundary BTDF

fr,v(θi,φi; θr ,φr) Volume or subsurface BRDF
ft,v(θi,φi; θt ,φt) Volume or subsurface BTDF

n Index of refraction

σs(z;λ) Scattering cross section [mm−1]
σa(z;λ) Absorption cross section [mm−1]
σt(z; λ) Total cross section (σt = σa + σs) [mm−1]

W Albedo (W = σs
σt
)

d Layer thickness [mm]
p(z; θ,φ; θ′,φ′; λ) Scattering phase function ((θ′, φ′) to (θ,φ))

Table 1: Nomenclature

2 Reflection and Transmission due to Layered

Surfaces

As a starting point we will assume that the reflected radiance Lr

from a surface has two components. One component arises due to
surface reflectance, the other component due to subsurface volume
scattering. (The notation used in this paper is collected in Table 1
and shown diagramatically in Figure 1.)

Lr(θr,φr) = Lr,s(θr, φr) + Lr,v(θr,φr)

where:
Lr,s - reflected radiance due to surface scattering
Lr,v - reflected radiance due to volume or subsurface scattering

The models developed in this paper also predict the transmis-
sion through a layered surface. This is useful both for materials
made of multiple layers, as well as the transmission through thin
translucent surfaces when they are back illuminated. The transmit-
ted radiance has two components. The first component is called
the reduced intensity; this is the amount of incident light trans-
mitted through the layer without scattering inside the layer, but
accounting for absorption. The second is due to scattering in the
volume.

Lt(θt,φt) = Lri(θt,φt) + Lt,v(θt,φt)

where:
Lri - reduced intensity
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Figure 2: Fresnel transmission and reflection coefficients for a
ray leaving air (n = 1.0) and entering water (n = 1.33).

Lt,v - transmitted radiance due to volume or subsurface scat-
tering

The bidirectional reflection-distribution function (BRDF) is de-
fined to the differential reflected radiance in the outgoing direction
per differential incident irradiance in the incoming direction [23].

fr(θi,φi; θr, θr) ≡
Lr(θr,φr)

Li(θi,φi) cos θidωi

The bidirectional transmission-distribution function (BTDF) has a
similar definition:

ft(θi,φi; θt, θt) ≡
Lt(θt,φt)

Li(θi,φi) cos θidωi

Since we have separated the reflected and transmitted light into
two components, the BRDF and BTDF also have two components.

fr = fr,s + fr,v

ft = fri + ft,v

If we assume a planar surface, then the radiance reflected from
and transmitted across the plane is given by the classic Fresnel
coefficients.

Lr(θr, φr) = R12
(ni, nt; θi,φi → θr, φr)Li(θi,φi)

Lt(θt, φt) = T 12
(ni, nt; θi,φi → θt,φt)Li(θi,φi)

where

R12
(ni, nt; θi,φi → θr,φr) = R(ni, nt, cos θi, cos θt)

T 12(ni, nt; θi, φi → θt,φt) =
n2t
n2i

T =
n2t
n2i
(1− R)

where R and T are the Fresnel reflection formulae and are de-
scribed in the standard texts (e.g. Ishimura[14]) and θt is the
angle of transmission. Besides returning the amount of reflection
and transmission across the boundary, the functions R12 and T 12,
as a side effect, compute the reflected and refracted angles from the
Reflection Law (θr = θi) and Snell’s Law (ni sin θi = nt sin θt).
Note also the factor of (nt/ni)

2) in the transmitted coefficient of
the above formula; this arises due to the change in differential
solid angle under refraction and is discussed in Ishimura[pp. 154-
155]. Plots of the Fresnel functions for the boundary between air
and water are shown in Figure 2.

In our model of reflection, the relative contributions of the sur-
face and subsurface terms are modulated by the Fresnel coeffi-
cients.

fr = Rfr,s + Tfr,v = Rfr,s + (1−R)fr,v
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Monte Carlo

• convergence independent of dimension

• error decrease O(sqrt(N))



Dorsey 1999

• application: weathered stone layer

• cast photon map into layer

• sample along penetration depth
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Figure 11 Closeup of the unweathered Diana the Huntress show-
ing subsurface scattering of light.
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• abstraction of scattering functions

• layer-to-layer interaction described by a set of 
adding equations
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z

!z

S k kS Sk SkS

Figure 3: The five types of scattering events to be considered
in the invariant imbedding derivation of the scattering equa-
tion. The S events reflect the aggregate multiple scattering
inside the z slab. All other scattering events, such as kSk, are
gathered in an o !z2 term in Equation 3.2.

in !z occurs with probability o !z2 , we just gather all multiple

scattering in an o !z2 term. Later we will divide by !z and take

the limit as !z 0, at which point all of the o !z2 terms disappear.
As such, there are only five types of scattering events that need to
be accounted for (see Figure 3):

1. S: Light that is attenuated in !z, scattered by the original ob-
ject, and attenuated again in !z.

2. k: Light that is scattered in !z so that it leaves the new layer
without reaching the original object.

3. kS: Light that is scattered in !z so that it passes into the origi-
nal object, is scattered, and then is attenuated in !z as it exits.

4. Sk: Light that is attenuated in !z, scattered by the object, and
is then scattered by !z such that it leaves the object.

5. SkS: Light that is attenuated in !z, scattered by the object,
scattered in !z back into the object, scattered again by the
object, and then attenuated again.

Accounting for each of the five modes of scattering in turn, a
new scattering function for z !z can be written

S z !z e !t "z µi e !t "z µo S z

S z z !z S z z !z S z S z S z z !z

S z S z z !z S z o !z2 (3.2)

where S z is the scattering operator for a slab of thickness z and
S a b is the scattering operator for the portion of the slab from
depth a to b.
We can simplify this further by replacing the e c"z term with

1 c!z o !z2 and taking advantage of an approximation to S
for a layer that is infinitesimally thin [GY89]:

S z z !z k!z o !z2

Making these simplifications and then taking the difference be-
tween the new scattering operator S z !z and the scattering op-
erator of the original layer S z , we have

S z !z S z o !z2 "t
1

µi

1

µo
S z

k z z !z k z z !z S z S z k z z !z

S z k z z !z S z !z

Now we divide by !z and take the limit as !z 0, which gives
us the infinitesimal change in the scattering function due to the ad-
dition of the new layer.

#S

#z
"t

1

µi

1

µo
S k kS Sk SkS (3.3)

We now need a boundary condition in order to convert this non-
linear integro-differential equation into an integral equation. If we
assume that the object is bounded by a perfect absorber from be-
low — i.e. S 0 0 — then application of the Laplace transform
gives Equation 3.4. General boundary conditions are most easily
handled with the adding equations; see the next section.

S z
z

0

e !t 1 µi 1 µo z z
k z k z S z

S z k z S z k z S z dz (3.4)

We have written this with the operators expanded out; see Fig-
ure 4. This is a formidable equation, but like the rendering equation,
it expresses a simple fact about light scattering. With computers and
numerical methods, it can be solved. We will discuss previous solu-
tion techniques and some new Monte Carlo approaches for solving
it in Section 4.

3.3 Adding equations

An important advantage of treating scattering functions directly is
that it is possible to compute the combined scattering functions of
aggregate objects from their individual scattering functions. These
new scattering functions can be written directly in terms of the orig-
inal ones and account for all scattering between the objects.
Consider two non-overlapping objects a and b with scattering

functions Sa and Sb. The scattering functions of the two objects to-
gether can be derived by considering all of the possible interactions
between them. For example, consider the new scattering function
for a pair of rays ra and ra, both of which originate on a’s bound-
ary. Light may enter at a, be scattered by Sa, and then exit without
interacting with b. This is the first term of Equation 3.6a. Or, it may
be scattered in a so that it enters b, get scattered by b back into a,
and then be scattered through a out to ra; this gives the next term.
By considering all such inter-reflections between a and b, we have
the first adding equation [Pre65, Section 25].

Sa a Sa SaSbSa SaSbSaSbSa (3.6a)

#

!
n 0

SaSb
n
Sa (3.6b)

I SaSb
1
Sa (3.6c)

Sa SaSbSa a (3.6d)

Given a ray ra that enters a and another ray rb that exits from b, we
can derive a similar equation:

Sa b SbSa SbSaSbSa (3.7a)

Sb

#

!
n 0

SaSb
n
Sa (3.7b)

Sb I SaSb
1
Sa (3.7c)

SbSa SbSaSa b (3.7d)

These equations are most easily understood by reading each term
from right to left to see the order of scattering events.
Computing new scattering functions with the adding equations

can be done much more efficiently than by recomputing the scat-
tering functions of the aggregate object from scratch [van80]. This
stems from the fact that Sa and Sb already incorporate all of the
multiple scattering events inside a and b, so we need only to com-
pute the effect of multiple scattering between the two objects. After
a few terms, the series usually converges quickly, as long as not
too much of the light is re-scattered at each step. Analysis based
on the operator norm of each term could be used to describe the
convergence more precisely. Since the results of this computation
are new scattering functions, they can themselves be used in further
computations of new scattering functions.
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Figure 3: The five types of scattering events to be considered
in the invariant imbedding derivation of the scattering equa-
tion. The S events reflect the aggregate multiple scattering
inside the z slab. All other scattering events, such as kSk, are
gathered in an o !z2 term in Equation 3.2.

in !z occurs with probability o !z2 , we just gather all multiple

scattering in an o !z2 term. Later we will divide by !z and take

the limit as !z 0, at which point all of the o !z2 terms disappear.
As such, there are only five types of scattering events that need to
be accounted for (see Figure 3):

1. S: Light that is attenuated in !z, scattered by the original ob-
ject, and attenuated again in !z.

2. k: Light that is scattered in !z so that it leaves the new layer
without reaching the original object.

3. kS: Light that is scattered in !z so that it passes into the origi-
nal object, is scattered, and then is attenuated in !z as it exits.

4. Sk: Light that is attenuated in !z, scattered by the object, and
is then scattered by !z such that it leaves the object.

5. SkS: Light that is attenuated in !z, scattered by the object,
scattered in !z back into the object, scattered again by the
object, and then attenuated again.

Accounting for each of the five modes of scattering in turn, a
new scattering function for z !z can be written

S z !z e !t "z µi e !t "z µo S z

S z z !z S z z !z S z S z S z z !z

S z S z z !z S z o !z2 (3.2)

where S z is the scattering operator for a slab of thickness z and
S a b is the scattering operator for the portion of the slab from
depth a to b.
We can simplify this further by replacing the e c"z term with

1 c!z o !z2 and taking advantage of an approximation to S
for a layer that is infinitesimally thin [GY89]:

S z z !z k!z o !z2

Making these simplifications and then taking the difference be-
tween the new scattering operator S z !z and the scattering op-
erator of the original layer S z , we have

S z !z S z o !z2 "t
1

µi

1

µo
S z

k z z !z k z z !z S z S z k z z !z

S z k z z !z S z !z

Now we divide by !z and take the limit as !z 0, which gives
us the infinitesimal change in the scattering function due to the ad-
dition of the new layer.

#S

#z
"t

1

µi

1

µo
S k kS Sk SkS (3.3)

We now need a boundary condition in order to convert this non-
linear integro-differential equation into an integral equation. If we
assume that the object is bounded by a perfect absorber from be-
low — i.e. S 0 0 — then application of the Laplace transform
gives Equation 3.4. General boundary conditions are most easily
handled with the adding equations; see the next section.

S z
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e !t 1 µi 1 µo z z
k z k z S z

S z k z S z k z S z dz (3.4)

We have written this with the operators expanded out; see Fig-
ure 4. This is a formidable equation, but like the rendering equation,
it expresses a simple fact about light scattering. With computers and
numerical methods, it can be solved. We will discuss previous solu-
tion techniques and some new Monte Carlo approaches for solving
it in Section 4.

3.3 Adding equations

An important advantage of treating scattering functions directly is
that it is possible to compute the combined scattering functions of
aggregate objects from their individual scattering functions. These
new scattering functions can be written directly in terms of the orig-
inal ones and account for all scattering between the objects.
Consider two non-overlapping objects a and b with scattering

functions Sa and Sb. The scattering functions of the two objects to-
gether can be derived by considering all of the possible interactions
between them. For example, consider the new scattering function
for a pair of rays ra and ra, both of which originate on a’s bound-
ary. Light may enter at a, be scattered by Sa, and then exit without
interacting with b. This is the first term of Equation 3.6a. Or, it may
be scattered in a so that it enters b, get scattered by b back into a,
and then be scattered through a out to ra; this gives the next term.
By considering all such inter-reflections between a and b, we have
the first adding equation [Pre65, Section 25].

Sa a Sa SaSbSa SaSbSaSbSa (3.6a)

#

!
n 0

SaSb
n
Sa (3.6b)

I SaSb
1
Sa (3.6c)

Sa SaSbSa a (3.6d)

Given a ray ra that enters a and another ray rb that exits from b, we
can derive a similar equation:

Sa b SbSa SbSaSbSa (3.7a)

Sb

#

!
n 0

SaSb
n
Sa (3.7b)

Sb I SaSb
1
Sa (3.7c)

SbSa SbSaSa b (3.7d)

These equations are most easily understood by reading each term
from right to left to see the order of scattering events.
Computing new scattering functions with the adding equations

can be done much more efficiently than by recomputing the scat-
tering functions of the aggregate object from scratch [van80]. This
stems from the fact that Sa and Sb already incorporate all of the
multiple scattering events inside a and b, so we need only to com-
pute the effect of multiple scattering between the two objects. After
a few terms, the series usually converges quickly, as long as not
too much of the light is re-scattered at each step. Analysis based
on the operator norm of each term could be used to describe the
convergence more precisely. Since the results of this computation
are new scattering functions, they can themselves be used in further
computations of new scattering functions.
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Figure 4: The three dimensional integral scattering equation, 3.4, with operators expanded out and where the ray r t is a new ray
along the same line as r, constructed by offsetting the origin by distance t along the z axis and xi x ri z z and xo x ro z z .

3.4 One-dimensional setting

There are useful special cases of the general scattering equation
and the adding equations in the one-dimensional setting; this was

R
+

T
-

T
+

R
-

Figure 5: The two

reflection and trans-

mission functions of

a slab.

where they were first derived. In one dimen-
sion, position in x and y is irrelevant, so the
delta functions in the integral from the phase
function disappear, leading to simpler formu-
las and easier implementation. A finite slab
then has four scattering functions (see Fig-
ure 5): given illumination at the top, one gives
the amount of light reflected at the top R and

another gives the amount of light transmitted
at the bottom T [Cha60]. The other two, R

and T , give reflection and transmission due

to light incident at the bottom. R and T are

given in Equations 3.8 and 3.9, on the next page.
The application of the reflection and transmission operators to a
function f is

R f " "
1

4!

1

µ "
R " " f " d"

which gives us a nearly familiar equation for computing reflected
radiance at a point:

Lo "
1

4!

1

µ "
R " " L

i
" d"

The reflection function of a surface is thus related to its BRDF fr
by R " " 4! fr " " µ µ.
The adding equations are similarly simplified to integrals over

just directions. In operator form, the scattering functions of two
combined slabs a and b are

R
a b

Ra Ta Rb Ta Ta Rb Ra Rb Ta

R
a b

R
b

T
b
Ra Tb T

b
Ra Rb Ra Tb

Ta b Tb Ta Tb Ra Rb Ta

T
a b

Ta Tb Ta Rb Ra Tb

3.5 Discussion

The scattering equations thus bring us to a new framework for con-
sidering rendering problems. Note that there are no fundamentally
new types of rendering problems that the scattering equations make
accessible: as noted in Section 2.3, the formal inverse of the op-
erator rendering equation can be used to solve the same kinds of
scattering problems as well. For example, Hanrahan and Krueger
effectively used a Neumman series expansion of the inverse to es-
timate four-dimensional scattering functions. This method could
be easily extended to higher-dimensional scattering problems, and
more sophisticated Monte Carlo techniques could be applied.
Conversely, the scattering equation can be used for more than

just pre-computing scattering functions. Given knowledge of par-
ticular viewing conditions, particular lighting conditions, or both,

we can directly compute estimates of integrals such as SLe (where
Le is emitted radiance), rather than first computing S and then pass-
ing emitted light through it. Since both approaches are based on
formulae that directly describe the physics of light scattering, it is
not surprising that the two approaches are connected in this way.
In fact (and reassuringly), the scattering equation can be derived
directly from the equation of transfer [Pre65].

In the next section, we will see that solving the scattering
equation involves sampling chains of scattering events through a
medium and evaluating their contribution—precisely how the equa-
tion of transfer is typically solved. Considered in light of its con-
nections with the equation of transfer, we can use the scattering
equation as a path to insights about how to solve the equation of
transfer, and vice versa. This has the potential to lead to new ways
of considering some classic rendering problems.

4 Monte Carlo Solution

A previously uninvestigated technique for solving the scattering and
adding equations is Monte Carlo integration. Monte Carlo is a par-
ticularly effective technique for solving high dimensional integrals
and integrals with discontinuities in the integrand. Its generality
makes it possible to compute integrals where the functions in the
integrand vary almost arbitrarily [KW86]; here, it allows wide va-
riety in the possible phase functions, scattering and attenuation co-
efficients, and geometric shapes.

Techniques previously used to solve the scattering and adding
equations have been based on the integro-differential form such as
Equation 3.3. Typically, the set of angles is discretized and a system
of non-linear differential equations is solved to compute scattering
at the discrete angles (Max et al. took this approach). See van de
Hulst [van80] for a survey and comparison of many of the varia-
tions of these techniques. These methods all break down in the face
of complexity in the scattering medium: given highly anisotropic
phase functions or non-homogeneous media, they are either not ap-
plicable due to the assumptions made in their derivations, or be-
come increasingly inefficient because finer discretizations are re-
quired and the systems of equations become large. Furthermore,
the generalization of these methods to higher-dimensional settings
quickly becomes intractable, which has stymied the development of
the more general theory.

4.1 Random walk solution

We will describe a simple recursive solution of the integral scatter-
ing equation. Because S z in Equation 3.4 is written recursively in
terms of integrals of scattering functions of S z , we can evaluate
an estimate of S z based on a random walk. (The spirit of this al-
gorithm is similar to Kajiya’s path tracing solution to the rendering
equation.) We follow a two step process:

1. First we sample the integral over depth by choosing z , where
0 z z. For constant attenuation functions, the exponential
term can be importance sampled directly: to sample the inte-

gral
z
0
eaz dz , where a #t 1 µi 1 µo , we first find the
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depth 0 depth 0 2 depth 0 8 depth 2 0

Figure 10: Adding layers to a model; thicknesses are increasing from left to right. On the right, the thickness is determined procedurally
to simulate dust. For all images, !s 0 5, !a 0 5, g 0 15. Because the adding equations and scattering equations are used to
compute the aggregate scattering function, the results accurately account for all inter-reflection inside the added layer as well as
between the layer and the base surface.

the edges: they are more transparent in the 3D version, since the
geometry of the object is accounted for in computing subsurface
scattering and rays leave the object after a short distance.

6 Summary and Conclusion

In this paper we have introduced a new theoretical framework for
light scattering to computer graphics. This theory has scattering as
its basic foundation, rather than light transport. We have applied
the theory to rendering subsurface scattering from complex objects
using Monte Carlo integration. For some rendering problems (and
with the sampling algorithms we used), the scattering equation can
be solved more efficiently than the equation of transfer. The adding
equations exhibit efficiencies by providing a way to break render-
ing problems into smaller parts and then reassemble the partial so-
lutions; this gives a theoretical basis to clustering algorithms and a
new way to apply clustering to Monte Carlo rendering algorithms.
Part of the advantage from the scattering equation solution stems

from the fact that its recursive expansion has a bidirectional effect—
paths are constructed in both directions and meet in the middle.
Our sampling of the SkS term reflects a non-local sampling strat-
egy [Vea97], where a scattering event at k is chosen before either
of its adjacent scattering events have been sampled. This is in con-
trast to previous bidirectional sampling strategies that incrementally
build paths by finding new vertices directly from a previous vertex.
As such, understanding the connections between the path sampling
strategies that we have used and previous bidirectional path sam-
pling strategies is important future work. In particular, techniques
that ameliorate the exponential nature of the recursive sampling and
more effectively re-use sub-paths should improve performance in
cases where the albedo is high. Another area for further investiga-
tion is better importance sampling techniques for the 3D case and
the application of multiple importance sampling to reduce variance.

Our example of subsurface scattering as a demonstration of
the three-dimensional scattering equation reflects a choice in scale
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Figure 11: Reflection function magnitude in the unillumi-
nated part of an object as a function of distance from the
boundary of illuminated region. !a 0 5, !s 0 5, g 0

rather than limitation of theory. The scattering and adding equations
have applications to computing scattering from complex volumet-
ric objects at larger scales, such as clouds, smoke, sunbeams, etc.
As such, this approach has applications to the level-of-detail prob-
lem. The 3D scattering and adding equations provide the correct
mathematical setting for two of the outstanding problems in level-
of-detail identified by Kajiya and Kay [KK89]: automatic compu-
tation of texels from complex geometry, and computation of aggre-
gate texels that represent two nearby texels. Furthermore, scatter-
ing functions are the correct abstraction to use to replace geometry;
techniques based on BRDFs (e.g. [Kaj85, Ney98]) are inaccurate in
that they do not correctly incorporate the effect of light that enters
an object at a different place than it exits.
This theory has applications to many classic problems in ren-

dering, including replacing geometry with scattering functions and
efficiently re-rendering scenes with changes in illumination or as
objects are added to or removed from them. Equally important, it
has promise as a way to suggest new sampling strategies for solving
the rendering equation more effectively. Understanding the connec-
tions between solution techniques that have previously been used
for each of these approaches gives many directions for future work.
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Figure 12: Comparison of rendering subsurface scattering
from a side-lit marble cube with the 1D scattering equation
(left) and the 3D scattering equation (right). Since the 3D so-
lution considers light that enters the surface away from where
it exits, subsurface light transport is more accurately mod-
eled.
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Figure 3: An incoming ray is transformed into a dipole source for
the diffusion approximation.

2.2 Single Scattering Term

Hanrahan and Krueger [10] have derived a BRDFmodel for subsur-
face reflection that analytically computes the total first-order scat-
tering from a flat, uniformly lit, homogeneous slab. In this section,
we show how their BRDF can be extended to a BSSRDF in order
to account for local variations in lighting over the surface.

The total outgoing radiance, L(1)
o , due to single scattering is

computed by integrating the incident radiance along the refracted
outgoing ray (see Figure 4):

L(1)
o (xo, !ωo) = σs(xo)

∫

2π

F p(!ω′i · !ω′o)

∫ ∞

0

e−σtcsLi(xi, !ωi) ds d!ωi (6)

=

∫

A

∫

2π

S(1)(xi, !ωi; xo, !ωo) Li(xi, !ωi) (!n · !ωi) dωidA(xi).

Here F = Ft(η, "ωo)Ft(η, "ωi) is the product of the two Fresnel
transmission terms, and "ω′i and "ω′o are the refracted incoming and
outgoing directions. The combined extinction coefficient σtc is
given by σtc = σt(xo) + Gσt(xi), where G is a geometry fac-

tor; for a flat surface G =
|!ni·!ω′o|
|!ni·!ω′i|

. The single scattering BSSRDF,

S(1), is defined implicitly by the second line of this equation. Note
that there is a change of variables between the first line, which in-
tegrates only over the configurations where the two refracted rays
intersect, and the second line, which integrates over all incoming

and outgoing rays. This implies that the distribution S(1) contains
a delta function.

2.3 The BSSRDF Model

The complete BSSRDF model is a sum of the diffusion approxima-
tion and the single scattering term:

S(xi, "ωi; xo, "ωo) = Sd(xi, "ωi; xo, "ωo) + S(1)(xi, "ωi; xo, "ωo)

Here Sd is evaluated using Equation 5 and S(1) is evaluated us-
ing Equation 6. The parameters for the BSSRDF are: σa, σ′s, η,
and possibly a phase function (without a phase function the scat-
tering can be modeled as isotropic). This model accounts for light
transport between different locations on the surface, and it simu-
lates both the directional component (due to single scattering) as
well as the diffuse component (due to multiple scattering).
Finally, note the distances involved in both the single scattering

term and the diffusion approximations. The average exit point is
approximately one mean free path from the entry point. However,
these two mean free paths have quite different length scales. In
the single scattering case, the mean free path equals 1/σt; in the
diffusion case, the mean free path equals 1/σtr . For translucent
materials where σa ! σ′s and consequently σtr ! σt, the single
scattering term decreases much faster than the diffusion term as the
distance to xo increases.

x

s

i
x
o

Figure 4: Single scattering occurs only when the refracted incoming
and outgoing rays intersect, and is computed as an integral over path
length s along the refracted outgoing ray.

2.4 BRDF Approximation

We can approximate the BSSRDF with a BRDF by assuming that
the incident illumination is uniform. This assumption makes it pos-
sible to integrate the BSSRDF over the surface. By integrating the
diffusion term we find the total diffuse reflectance Rd of the mate-
rial as:

Rd = 2π

∫ ∞

0

Rd(r) r dr =
α′

2

(
1 + e−

4
3 A
√

3(1−α′)
)

e−
√

3(1−α′) .

Notice how the diffuse reflectance only depends on the reduced
albedo and the internal reflection parameter A.
The integration of the single scattering term results in the model

presented in [10]. For a semi-infinite medium this gives:

f (1)
r (x, "ωi, "ωo) = αF

p("ω′i · "ω′o)

|"n · "ω′i| + |"n · "ω′o| .

The complete BRDF model is the sum of the diffuse reflectance
scaled by the Fresnel term and the single scattering approximation:

fr(x, "ωi, "ωo) = f (1)
r (x, "ωi, "ωo) + F

Rd

π
.

This model has the same parameters as the BSSRDF. It is similar
to the BRDF model presented in [10], but with the important differ-
ence that the amount of diffusely reflected light is computed from
the intrinsic material parameters. The BRDF approximation is use-
ful for opaque materials, which have a very short mean free path.

3 Measuring the BSSRDF

To verify our BSSRDF model, and to determine appropriate pa-
rameters for rendering different kinds of materials, we used the
diffusion theory of Section 2 to make measurements of subsurface
scattering in several media. Our measurement approach applies to
translucent materials for which σa ! σs, implying that far enough
away from the point of illumination, we may neglect single scatter-
ing and use the diffusion term to relate measurements to material
parameters.
When multiple scattering dominates, Equation 4 predicts the ra-

diant exitance per unit incident flux that will be observed due to a
narrow incident beam, as a function of distance from the point of
illumination. To make the corresponding measurement, we illumi-
nate the surface of a sample with a tightly focused beam of white
light and take a photograph using a 3-CCD video camera to observe
the radiant exitance across the entire surface. We keep our obser-
vations at constant angles so that the Fresnel term remains constant
for all the measurements. Figure 5(a) illustrates our measurement
setup.

4
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Figure 3: An incoming ray is transformed into a dipole source for
the diffusion approximation.

2.2 Single Scattering Term

Hanrahan and Krueger [10] have derived a BRDFmodel for subsur-
face reflection that analytically computes the total first-order scat-
tering from a flat, uniformly lit, homogeneous slab. In this section,
we show how their BRDF can be extended to a BSSRDF in order
to account for local variations in lighting over the surface.

The total outgoing radiance, L(1)
o , due to single scattering is

computed by integrating the incident radiance along the refracted
outgoing ray (see Figure 4):

L(1)
o (xo, !ωo) = σs(xo)

∫

2π

F p(!ω′i · !ω′o)

∫ ∞

0

e−σtcsLi(xi, !ωi) ds d!ωi (6)

=

∫

A

∫

2π

S(1)(xi, !ωi; xo, !ωo) Li(xi, !ωi) (!n · !ωi) dωidA(xi).

Here F = Ft(η, "ωo)Ft(η, "ωi) is the product of the two Fresnel
transmission terms, and "ω′i and "ω′o are the refracted incoming and
outgoing directions. The combined extinction coefficient σtc is
given by σtc = σt(xo) + Gσt(xi), where G is a geometry fac-

tor; for a flat surface G =
|!ni·!ω′o|
|!ni·!ω′i|

. The single scattering BSSRDF,

S(1), is defined implicitly by the second line of this equation. Note
that there is a change of variables between the first line, which in-
tegrates only over the configurations where the two refracted rays
intersect, and the second line, which integrates over all incoming

and outgoing rays. This implies that the distribution S(1) contains
a delta function.

2.3 The BSSRDF Model

The complete BSSRDF model is a sum of the diffusion approxima-
tion and the single scattering term:

S(xi, "ωi; xo, "ωo) = Sd(xi, "ωi; xo, "ωo) + S(1)(xi, "ωi; xo, "ωo)

Here Sd is evaluated using Equation 5 and S(1) is evaluated us-
ing Equation 6. The parameters for the BSSRDF are: σa, σ′s, η,
and possibly a phase function (without a phase function the scat-
tering can be modeled as isotropic). This model accounts for light
transport between different locations on the surface, and it simu-
lates both the directional component (due to single scattering) as
well as the diffuse component (due to multiple scattering).
Finally, note the distances involved in both the single scattering

term and the diffusion approximations. The average exit point is
approximately one mean free path from the entry point. However,
these two mean free paths have quite different length scales. In
the single scattering case, the mean free path equals 1/σt; in the
diffusion case, the mean free path equals 1/σtr . For translucent
materials where σa ! σ′s and consequently σtr ! σt, the single
scattering term decreases much faster than the diffusion term as the
distance to xo increases.
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Figure 4: Single scattering occurs only when the refracted incoming
and outgoing rays intersect, and is computed as an integral over path
length s along the refracted outgoing ray.

2.4 BRDF Approximation

We can approximate the BSSRDF with a BRDF by assuming that
the incident illumination is uniform. This assumption makes it pos-
sible to integrate the BSSRDF over the surface. By integrating the
diffusion term we find the total diffuse reflectance Rd of the mate-
rial as:

Rd = 2π

∫ ∞

0

Rd(r) r dr =
α′

2

(
1 + e−

4
3 A
√

3(1−α′)
)

e−
√

3(1−α′) .

Notice how the diffuse reflectance only depends on the reduced
albedo and the internal reflection parameter A.
The integration of the single scattering term results in the model

presented in [10]. For a semi-infinite medium this gives:

f (1)
r (x, "ωi, "ωo) = αF

p("ω′i · "ω′o)

|"n · "ω′i| + |"n · "ω′o| .

The complete BRDF model is the sum of the diffuse reflectance
scaled by the Fresnel term and the single scattering approximation:

fr(x, "ωi, "ωo) = f (1)
r (x, "ωi, "ωo) + F

Rd

π
.

This model has the same parameters as the BSSRDF. It is similar
to the BRDF model presented in [10], but with the important differ-
ence that the amount of diffusely reflected light is computed from
the intrinsic material parameters. The BRDF approximation is use-
ful for opaque materials, which have a very short mean free path.

3 Measuring the BSSRDF

To verify our BSSRDF model, and to determine appropriate pa-
rameters for rendering different kinds of materials, we used the
diffusion theory of Section 2 to make measurements of subsurface
scattering in several media. Our measurement approach applies to
translucent materials for which σa ! σs, implying that far enough
away from the point of illumination, we may neglect single scatter-
ing and use the diffusion term to relate measurements to material
parameters.
When multiple scattering dominates, Equation 4 predicts the ra-

diant exitance per unit incident flux that will be observed due to a
narrow incident beam, as a function of distance from the point of
illumination. To make the corresponding measurement, we illumi-
nate the surface of a sample with a tightly focused beam of white
light and take a photograph using a 3-CCD video camera to observe
the radiant exitance across the entire surface. We keep our obser-
vations at constant angles so that the Fresnel term remains constant
for all the measurements. Figure 5(a) illustrates our measurement
setup.
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Figure 7: (a) Sampling a BRDF (traditional sampling), (b) sampling
a BSSRDF (the sample points are distributed both over the surface
as well as the light).

• Efficient integration of the BSSRDF including importance
sampling

• Single scattering evaluation for arbitrary geometry

• Diffusion approximation for arbitrary geometry

• Texture (spatial variation on the object surface).

In this section we explain how to do this in a ray-tracing context.

Integrating the BSSRDF: At each ray-object intersection tra-
ditional lighting models (based on BRDFs) need just a point and
a normal to compute the outgoing radiance (Figure 7(a)). For the
BSSRDF it is necessary to integrate the incoming lighting over an
area of the surface (Figure 7(b)). We do this by stochastically sam-
pling the location of both endpoints of the shadow ray — this can
be seen as an extension of the classical distribution ray tracing tech-
nique for sampling area light sources [2]. To efficiently sample
locations on the surface we exploit the exponential falloff in the
diffusion term and the single scattering term. We sample the two
terms of the BSSRDF separately, since the single scattering sam-
ple locations must be along the refracted outgoing ray whereas the
diffusion samples should be distributed around xo.

More specifically, for the diffusion term, we use standard Monte
Carlo techniques to randomly sample the surface with density
(σtre

−σtrd) at some distance d from xo.

Single scattering is reparameterized since the incoming ray and
the outgoing ray must intersect. Our technique is explained in the
following section.

Single scattering evaluation for arbitrary geometry: Sin-
gle scattering is evaluated using Monte Carlo integration along
the refracted outgoing ray. We pick a random distance, s′o =
log(ξ)/σt(xo), along the refracted outgoing ray. Here ξ ∈ ]0, 1]
is a uniformly distributed random number. For this sample location
we compute the outscattered radiance as:

L(1)
o (xo, #ωo)=

σs(xo)Fp(#ωi · #ωo)

σtc
e−s′

iσt(xi)e−s′
oσt(xo)Li(xi, #ωi).

Here s′i is the distance that the sample ray moves through the mate-
rial. Optimizing this equation to sample direct illumination (with
shadow rays) is difficult for arbitrary geometry since it requires
finding the point at the surface where the shadow ray is refracted.
However, in practice a good approximation can be found by using
a shadow ray that does not refract at the surface — this assumes
that the light source is far away compared to the mean free path of
the medium. We can use Snell’s law to estimate the true refracted
distance through the medium of the incoming ray:

s′i = si
|#ωi · #ni|√

1−
(

1
η

)2
(1− |#ωi · #n(xi)|2)

.

Here si is the observed distance and s′i is the refracted distance.

(a) (b)

Figure 8: Scattering of laser light in a marble block. The marble
block is 40mm. wide and has a significant amount of subsurface
scattering. The picture on the left is a photograph of the marble
block, and the picture on the right is a synthetic rendering of a sim-
ilarly sized cube using the BSSRDF model and the measured scat-
tering properties of the marble. Note how the appearance of the two
images is very similar.

Diffusion approximation for arbitrary geometry: An impor-
tant component of the diffusion approximation is the use of the
dipole source. If the geometry is locally flat we can get a very
good approximation by using a similar dipole source configuration
as that for flat materials (i.e., we always place the light source 1/σ′t
straight below xi). Special care must be taken in the presence of
highly curved surfaces; we handle this case by always evaluating
the diffusion term with a minimum distance of 1/σ′t. In this way
we eliminate singularities at sharp edges where the source can be
placed arbitrarily close to xo. We found this approach to work very
well in our experiments.

Texture: We approximate textured materials by making a few
small changes to the usage of the BSSRDF. We only consider tex-
ture variation at the surface — effects due to volumetric texture
variation would require a full participating media simulation. For
the diffusion approximation we always use the material parameters
at xi, which ensures a natural local blending of the texture proper-
ties. For the single scattering term we use σs(xo) and σt(xo) along
the refracted outgoing ray, and σt(xi) along the refracted incident
ray. This variation is included in Equation 6.

5 Results

We have implemented the BSSRDF model in a Monte Carlo ray
tracer, and in this section we will present a number of experimen-
tal results obtained with this implementation. All simulations have
been done on a dual 800MHz Pentium III PC running Linux and the
images have been rendered with 4 samples per pixel and a width of
1024 pixels.

Our first simulation is shown in Figure 8, which compares a
side photograph of a marble cube illuminated from above with a
synthetic rendering. The synthetic image is rendered using the
BSSRDF model and the measured parameters for marble (from the
table in Figure 5). We only used a simple cube to approximate the
rounded marble block, so there are natural visible differences along
the edges. Nonetheless, the BSSRDF model faithfully renders the
appearance including the scattered light exiting from the side of the
marble cube.

Figure 9 shows several different simulations of subsurface scat-
tering in a marble bust (1.3 million triangles) illuminated from be-
hind. The BSSRDF simulation mostly matches the appearance of
the full Monte Carlo simulation, yet is significantly faster (5 min-
utes vs. 1250 minutes). The hair at the back of the head is slightly
darker in the BSSRDF simulation; we believe this is due to the
forced 1/σ′t distance in the diffusion approximation. A similar ren-
dering was done using photon mapping in [5] in roughly 12 min-
utes (scaled to the speed of our computer). However, the photon
mapping method requires a full 3D-description of the material, it
requires memory to store the photons, and it becomes costly for
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Figure 7: (a) Sampling a BRDF (traditional sampling), (b) sampling
a BSSRDF (the sample points are distributed both over the surface
as well as the light).

• Efficient integration of the BSSRDF including importance
sampling

• Single scattering evaluation for arbitrary geometry

• Diffusion approximation for arbitrary geometry

• Texture (spatial variation on the object surface).
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straight below xi). Special care must be taken in the presence of
highly curved surfaces; we handle this case by always evaluating
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we eliminate singularities at sharp edges where the source can be
placed arbitrarily close to xo. We found this approach to work very
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small changes to the usage of the BSSRDF. We only consider tex-
ture variation at the surface — effects due to volumetric texture
variation would require a full participating media simulation. For
the diffusion approximation we always use the material parameters
at xi, which ensures a natural local blending of the texture proper-
ties. For the single scattering term we use σs(xo) and σt(xo) along
the refracted outgoing ray, and σt(xi) along the refracted incident
ray. This variation is included in Equation 6.

5 Results

We have implemented the BSSRDF model in a Monte Carlo ray
tracer, and in this section we will present a number of experimen-
tal results obtained with this implementation. All simulations have
been done on a dual 800MHz Pentium III PC running Linux and the
images have been rendered with 4 samples per pixel and a width of
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Our first simulation is shown in Figure 8, which compares a
side photograph of a marble cube illuminated from above with a
synthetic rendering. The synthetic image is rendered using the
BSSRDF model and the measured parameters for marble (from the
table in Figure 5). We only used a simple cube to approximate the
rounded marble block, so there are natural visible differences along
the edges. Nonetheless, the BSSRDF model faithfully renders the
appearance including the scattered light exiting from the side of the
marble cube.

Figure 9 shows several different simulations of subsurface scat-
tering in a marble bust (1.3 million triangles) illuminated from be-
hind. The BSSRDF simulation mostly matches the appearance of
the full Monte Carlo simulation, yet is significantly faster (5 min-
utes vs. 1250 minutes). The hair at the back of the head is slightly
darker in the BSSRDF simulation; we believe this is due to the
forced 1/σ′t distance in the diffusion approximation. A similar ren-
dering was done using photon mapping in [5] in roughly 12 min-
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Figure 9: A simulation of subsurface scattering in a marble bust. The marble bust is illuminated from behind and rendered using: (a) the
BRDF approximation (in 2 minutes), (b) the BSSRDF approximation (in 5 minutes), and (c) a full Monte Carlo simulation (in 1250 minutes).
Notice how the BSSRDF model matches the appearance of the Monte Carlo simulation, yet is significantly faster. The images in (d–f) show
the different components of the BSSRDF: (d) single scattering term, (e) diffusion term, and (f) Fresnel term.

highly scattering materials (such as milk and skin).

A particularly interesting aspect of the BSSRDF simulation is
that it is able to capture the smooth appearance of the marble sur-
face. In comparison the BRDF simulation gives a very hard ap-
pearance where even tiny bumps on the surface are visible (this is
a classic problem in realistic image synthesis where objects often
look hard and unreal).

For the marble we used synthetic scattering and absorption co-
efficients, since we wanted to test the difficult case when the av-
erage scattering albedo is 0.5 (here the contribution from diffusion
and single scattering is approximately the same). Figure 9 demon-
strates how the sum of both single scattering and the diffusion term
is necessary to match the Monte Carlo simulation.

Figure 10 contains three renderings of milk. The first render-
ing uses a diffuse reflection model; the others use the BSSRDF
model and our measurements for skim milk and whole milk. Notice
how the diffuse milk looks unreal and too opaque compared to the
BSSRDF images, even though multiple scattering dominates and
the radiant exitance due to subsurface scattering is very diffuse. It
is interesting that the BSSRDF simulations are capable of capturing
the subtle details in the appearance of milk, making the milk look
more bluish at the front and more reddish at the back. This is due
to Rayleigh scattering that causes shorter wavelengths of light to be
scattered more than longer wavelengths.

Skin is a material that is particularly difficult to render using
methods that simulate subsurface scattering by sampling ray paths
through the material. This is due to the fact that skin is highly
scattering (typical albedo is 0.95) and also very anisotropic (typi-
cal average cosine of the scattering angle is 0.85). Both of these
properties mean that the average number of scattering events of a
photon is very high (often more than 100). In addition skin is very
translucent, and it cannot be rendered correctly using a BRDF (see
Figure 11). A complete skin model requires multiple layers, but a

reasonable approximation can be obtained using just one layer. In
Figure 11 we have rendered a simple face model using the BSSRDF
and our measured values for skin (skin1). Here we also used the
Henyey-Greenstein phase function [11] with g = 0.85 as the esti-
mated mean cosine of the scattering angle. The skin measurements
are from an arm (which is likely more translucent than skin on the
face), but the overall appearance is still realistic considering the lack
of spatial variation (texture). The BSSRDF gives the skin a soft ap-
pearance, and it renders the color bleeding in the shadow region
below the nose. Here, the absorption by blood is particularly no-
ticeable as the light that scatters deep in the skin is redder. For this
simulation the diffusion term is much larger than the single scat-
tering term. This means that skin reflects light fairly diffusely, but
also that internal color bleeding is an important factor. The BRDF
image was rendered in 7 minutes, the BSSRDF image was rendered
in 17 minutes.

6 Conclusion and Future Work

In this paper we have presented a new practical BSSRDF model
for computer graphics. The model combines a dipole diffusion ap-
proximation with an accurate single scattering computation. We
have shown how the model can be used to measure the scattering
properties of translucent materials, and how the measured values
can be used to reproduce the results of the measurements as well
as synthetic renderings. We evaluate the BSSRDF by sampling the
incoming light over the surface, and we demonstrate how this tech-
nique is capable of capturing the soft and smooth appearance of
translucent materials.

In the future we plan to extend the model to multiple layers as
well as include support for efficient global illumination.
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Figure 10: A glass of milk: (a) diffuse (BRDF), (b) skim (BSSRDF) and (c) whole (BSSRDF). (b) and (c) are using our measured values.
The rendering times are 2 minutes for (a), and 4 minutes for (b) and (c); this includes caustics and global illumination on the marble table and
a depth-of-field simulation.

BRDF

BSSRDF

Figure 11: A face rendered using the BRDF model (top) and the
BSSRDF model (bottom). We used our measured values for skin
(skin1) and the same lighting conditions in both images (the BRDF
image also includes global illumination). The face geometry has
been modeled by hand; the lip-bumpmap is handpainted, and the
bumpmap on the skin is based on a gray-scale macro photograph
of a piece of skin. Even with global illumination the BRDF gives a
hard appearance. Compare this to the faithful soft appearance of the
skin in the BSSRDF simulation. In addition the BSSRDF captures
the internal color bleeding in the shadow region under the nose.
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The rendering times are 2 minutes for (a), and 4 minutes for (b) and (c); this includes caustics and global illumination on the marble table and
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Figure 11: A face rendered using the BRDF model (top) and the
BSSRDF model (bottom). We used our measured values for skin
(skin1) and the same lighting conditions in both images (the BRDF
image also includes global illumination). The face geometry has
been modeled by hand; the lip-bumpmap is handpainted, and the
bumpmap on the skin is based on a gray-scale macro photograph
of a piece of skin. Even with global illumination the BRDF gives a
hard appearance. Compare this to the faithful soft appearance of the
skin in the BSSRDF simulation. In addition the BSSRDF captures
the internal color bleeding in the shadow region under the nose.
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• decouple sample irradiance computation from 
diffuse approximation computation

• hierachical evaluation of multiple scattering 
term
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BSSRDF: sampled evaluation - 18 minutes Illumination from a HDR environment

BSSRDF: hierarchical evaluation - 7 seconds The sample locations on the teapot

Figure 3: A translucent teapot. On the left we compare our hierarchical BSSRDF evaluation (bottom) to a sampled BSSRDF
(top). The top right image shows the teapot in a HDR environment, and the bottom right shows the 150,000 sample points on
the teapot.

Figure 4: A global illumination scene with a translucent
box. Note the light bleeding through the box, and the color
bleeding in the model.

Figure 5: An animation with a translucent character.
Translucency helps depict the small size of the character.
Image courtesy of Scott Peterson - PDI/DreamWorks.

Figure 6: A textured face model lit by three light sources (key, fill, and rim). The left image shows the result using the skin
shader that was used in the movie “Shrek”, and the right image shows the result after adding our simulation of translucency to
this shader.
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• build octree model of (irradiance, centroid, 
total area)

• depth criteria: solid angle for evaluation point 
to total area < eps.
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• dipole diffusion approximation breaks down

• assumption of infinite depth: no transmittance 
though to opposite side
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• multipole approximation

• frequency space Kubelka Munk model for 
interaction among multiple layers

• rough surfaces: replace fresnel attenuation 
with a BRDF
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dv =
√

r2 + z2
v are the distances to the sources from a given point

on the surface of the object. D = 1
3σ ′

t
is the diffusion constant and

A is given by Equation (7).

The diffusion dipole is derived using a diffusion approximation of
radiative transport. The diffuse radiance is approximated using a
truncated spherical harmonic expansion

Ld(r,!ω) =
1

4π
φ(r)+

3
4π

E(r) ·!ω, (4)

where φ is the fluence and E is the vector flux. For a full intro-
duction to diffusion theory and the above expression see [Ishimaru
1978]. We focus on the derivation of the dipole model from the
boundary conditions to the diffusion equation. Specifically, at the
surface of a material, any light that escapes is assumed to never re-
turn. Therefore, the total downward diffuse radiance at the surface
into the material (+z direction) is equal to the internally reflected
upward diffuse radiance
∫

Ω+
Ld(r,!ω)(−!n ·!ω) d!ω = Fdr

∫

Ω−
Ld(r,!ω)(!n ·!ω) d!ω at z = 0, (5)

where Ω+ and Ω− indicate integration over the positive and neg-
ative hemispheres, and !n is the normal at the material surface (see
Figure 1). Fdr is a diffuse Fresnel term that approximates the in-
ternal diffuse reflectivity of the slab. Substitution of Equation (4)
into (5) and simplifying gives [Ishimaru 1978]

φ(r)−2AD
∂φ(r)

∂ z
= 0 at z = 0, (6)

where D is defined as above. Note that this expression is an ap-
proximate result, but one widely held as accurate for highly scat-
tering materials. For more rigorous conditions, see [Glasstone and
Sesonske 1955]. In Equation (6), A is defined as

A = (1+Fdr)/(1−Fdr), (7)

and represents the change in fluence due to internal reflection at the
surface. The diffuse Fresnel reflectance Fdr can be approximated
by the following polynomial expansions [Egan et al. 1973]

Fdr #






−0.4399+
0.7099

η
− 0.3319

η2 +
0.0636

η3 , η < 1

−1.4399
η2 +

0.7099
η

+0.6681+0.0636η , η > 1
(8)

where η is the ratio of indices of refraction.

An incident beam of light is approximated by a point light source
placed under xi at a depth of one mean free path, " = 1/σ ′

t [Patter-
son et al. 1989] below the surface of the material. By Equation (6),
a linear extrapolation of the fluence vanishes at zb = 2AD above
the surface [Farrell and Patterson 1992], called the extrapolation
distance. Since the positive source is embedded at ", placing the
negative source (1 + 4A/3)/σ ′

t = 2zb + " above the surface results
in zero net fluence at −zb. This results in a dipole that is a good
approximation of Equations (5) and (6) (see Figure 1a).

2.1 Light scattering in thin slabs
The dipole approximation was derived for the case of a semi-infinite
medium. It assumes that any light entering the material will either
be absorbed or return to the surface. For thin slabs this assumption
breaks down as light is transmitted through the slab, which reduces
the amount of light diffusing back to the surface. This means that
the dipole will overestimate the reflectance of thin slabs, and it can-
not correctly predict the transmittance.

We can account for light scattering in slabs by taking the changed
boundary condition into account. For a slab of thickness d, we de-
fine a boundary condition for the bottom surface analogous to Equa-
tion (5). Diffuse light transmitted through the slab does not return,

2zb + "

zb 0

ẑ
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d
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Figure 1: Dipole configuration for semi-infinite geometry (left), and
the multipole configuration for thin slabs (right).

and the upward diffuse radiance is equal to the reflected downward
radiance at the bottom surface
∫

Ω−
Ld(r,!ω)(!n ·!ω) d!ω = Fdr

∫

Ω+
Ld(r,!ω)(−!n ·!ω) d!ω at z = d. (9)

Simplifying this equation gives a result similar to Equation (6),

φ(r)+2AD
∂φ(r)

∂ z
= 0 at z = d, (10)

where we make the assumption that the non-scattering mediums
above and below the slab have the same index of refraction. In the
next section we will show how to handle the case where the indices
differ. In this case of matched boundaries, Equation (10) states that
the flux vanishes at depth d + zb, which is zb below the bottom of
the slab.

We can satisfy Equation (10) by mirroring the top dipole about
z = d + zb. The net fluence from both dipoles results in zero flu-
ence at z = d + zb (the lower dotted line in Figure 1b) [Patterson
et al. 1989]. Reinforcing the condition at z = zb (the top dotted
line) requires mirroring the bottom dipole about the top line. Both
boundary conditions are satisfied simultaneously only when there
is an infinite array of dipoles (Figure 1b).

When the ratios of indices of refraction, and thus the extrapolation
distances, are the same at both the top and bottom interfaces, the
z-coordinates of the dipole sources are given by

zr,i = 2i(d +2zb)+ "
zv,i = 2i(d +2zb)− "−2zb , i =−n, . . . ,n, (11)

where 2n + 1 is the number of dipoles, d is the slab thickness, and
zb = 2AD is the extrapolation distance.

The reflectance due to 2n + 1 dipoles is simply the sum of their
individual contributions

R(r) =
n

∑
i=−n

α ′zr,i(1+σtrdr,i)e−σtrdr,i

4πd3
r,i

−
α ′zv,i(1+σtrdv,i)e−σtrdv,i

4πd3
v,i

,

(12)
where dr,i =

√
r2 + z2

r,i and dv,i =
√

r2 + z2
v,i are the distances to

the dipole sources from a given point on the surface of the object.
Note that we get the dipole approximation when n = 0. The diffuse
transmittance can be found by adjusting for the depth of the slab

T (r) =
n

∑
i=−n

α ′(d− zr,i)(1+σtrdr,i)e−σtrdr,i

4πd3
r,i

−

α ′(d− zv,i)(1+σtrdv,i)e−σtrdv,i

4πd3
v,i

. (13)

This multipole approximation is used in the same way as the dipole.
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Dipole model Multipole model Monte Carlo reference
Figure 4: A piece of parchment illuminated from behind. Note,
how the dipole model (left) underestimates the amount of transmit-
ted light, while the multipole model (middle) matches the reference
image computed using Monte Carlo photon tracing (right).

Jade Jade + paint
Figure 5: A buddha statuette sprayed with a thin layer of white
paint. The first and third images are front-lit, the second and fourth
back-lit.

Carlo reference result. As a consequence, the parchment is too dark
when rendered with the dipole diffusion model, while the multipole
model more precisely predicts the correct appearance.

Figure 5 shows the effect of adding a thin layer of paint onto a
thicker buddha statue made of jade. The paint is highly scattering
of white light, while the jade absorbs most non-green light. Adding
the paint layer causes the reflected light to become more white, and
attenuates the amount of light that reaches the jade, causing the
statue to look more opaque. The transmitted light, however, re-
mains green as it still scatters through the jade material.

Figure 7 demonstrates several renderings of a marble statue with
different surface roughness values. As the surface roughness in-
creases, the surface changes from having an oily appearance to
looking more dry and rough. Another important change is the de-
saturation of the color of the statue due to an increase in the amount
of reflected light, and a reduction in the amount of lighting due to
subsurface scattering.

Figure 6 displays renderings of a leaf composed of a thick absorb-
ing layer over a thin highly scattering layer, similar to [Hemenger
1977], with absorption parameters taken from [Fukshansky et al.
1993]. Note that while the orientation of the leaf affects the re-
flectance, the transmittance is nearly the same. This bicoloration is
an important visual element of many leaves. For the leaf model, we
applied both thickness and bump maps on the geometry to simulate
the appearance of the leaf veins. The thickness map is effectively
used as a displacement map, which increases the distance of the
diffused lighting. This gives the effect of thickness, but it is only an
approximation as the overall reflectance profile changes as a func-
tion of the thickness of each layer. The leaf color is caused by
multiple scattering; no textures have been used.

Multiple layered models have been shown to be effective in simu-
lating the optical properties of human skin [Tuchin 2000]. In Fig-
ure 8 we demonstrate a three layer model of human skin applied to
a high-resolution digital scan of a head. No bump map was used;

Front and back, frontlit. Front and back, backlit.
Figure 6: A layered leaf lit from front and behind. The reflectance
of the front and back sides of the leaf differ significantly, while the
transmittance is nearly identical. Note that the color is due to mul-
tiple scattering; no textures are applied.

σa (mm−1) σs (mm−1)
R G B R G B η g d (mm)

epidermis 2.1 2.1 5.0 48.0 60.0 65.0 1.4 0.0 .03
upper dermis 0.16 0.19 0.30 32.0 40.0 46.0 1.34 0.25 .05

bloody dermis 0.085 1.0 25.0 4.5 4.7 4.8 1.4 0.8 ∞

Table 3: Optical parameters used in generating the images in Fig-
ure 8. η is the index of refraction, and d is the thickness of the layer.

the surface detail is due to the actual geometry of the model. The
parameters for each layer are from Tuchin [2000] and summarized
in Table 3. The top images show the contribution each layer gives to
the overall appearance, as well as the contribution of surface rough-
ness at the top surface of the skin. The lower images add texturing
as described in the previous section. Note that although the individ-
ual layers may not appear to be skin-like, this is often the case of
actual photographs of the bloodless top layers of human skin. Also,
it is the overall reflectance from the convolution of these layers that
gives the final appearance. The bloody dermis layer is assumed to
be semi-infinite, which is often done to simulate the effects of in-
ternal tissues, while the highly scattering upper layers determine
the softness and tint of the skin. Figure 8 shows a comparison be-
tween the multilayer model and the dipole model using the param-
eters provided in [Jensen et al. 2001]. The dipole overestimates the
amount of scattering, giving the face a waxy, translucent look that
blurs the features of the skin. The multi-layered model results in
a less blurry appearance due to the improved approximation of the
highly scattering epidermal and dermal layers compared with the
bloody dermis. The overall appearance of the skin is still translu-
cent as can be seen when the light is bleeding into shadowed re-
gions, or when the skin is illuminated from behind (e.g. at the ear).

Note that parameters to the dipole model cannot always be used in
the multipole model directly, as the dipole parameters are designed
to capture the overall appearance of a semi-infinite sample of the
material. Instead, the images in Figure 8 have been rendered using
parameters from existing work in tissue optics. These parameters
are more intuitive than the parameters in the dipole model, since
the specific properties of each layer can be modified (e.g. blood
concentration or melanin) to change the overall appearance.

5 Conclusions and Future Work

We have presented an efficient method for accurately rendering thin
and multi-layered translucent materials based on a multipole diffu-
sion approximation. The multipole theory is enhanced to account
for mismatched indices of refraction as well as rough surfaces. Us-
ing a novel application of Kubelka-Munk theory in frequency space
a new method for combining multiple layers of translucent mate-
rials has been introduced. The new model is efficient and accu-
rate, and it renders thin and layered materials such as paper and
skin faithfully. In the future we would like to extend the diffusion
theory to objects with internal structures and to investigate if the
multi-layer model can be used to make accurate measurements of
subsurface scattering in layered translucent materials.
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saturation of the color of the statue due to an increase in the amount
of reflected light, and a reduction in the amount of lighting due to
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1993]. Note that while the orientation of the leaf affects the re-
flectance, the transmittance is nearly the same. This bicoloration is
an important visual element of many leaves. For the leaf model, we
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diffused lighting. This gives the effect of thickness, but it is only an
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Multiple layered models have been shown to be effective in simu-
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the surface detail is due to the actual geometry of the model. The
parameters for each layer are from Tuchin [2000] and summarized
in Table 3. The top images show the contribution each layer gives to
the overall appearance, as well as the contribution of surface rough-
ness at the top surface of the skin. The lower images add texturing
as described in the previous section. Note that although the individ-
ual layers may not appear to be skin-like, this is often the case of
actual photographs of the bloodless top layers of human skin. Also,
it is the overall reflectance from the convolution of these layers that
gives the final appearance. The bloody dermis layer is assumed to
be semi-infinite, which is often done to simulate the effects of in-
ternal tissues, while the highly scattering upper layers determine
the softness and tint of the skin. Figure 8 shows a comparison be-
tween the multilayer model and the dipole model using the param-
eters provided in [Jensen et al. 2001]. The dipole overestimates the
amount of scattering, giving the face a waxy, translucent look that
blurs the features of the skin. The multi-layered model results in
a less blurry appearance due to the improved approximation of the
highly scattering epidermal and dermal layers compared with the
bloody dermis. The overall appearance of the skin is still translu-
cent as can be seen when the light is bleeding into shadowed re-
gions, or when the skin is illuminated from behind (e.g. at the ear).

Note that parameters to the dipole model cannot always be used in
the multipole model directly, as the dipole parameters are designed
to capture the overall appearance of a semi-infinite sample of the
material. Instead, the images in Figure 8 have been rendered using
parameters from existing work in tissue optics. These parameters
are more intuitive than the parameters in the dipole model, since
the specific properties of each layer can be modified (e.g. blood
concentration or melanin) to change the overall appearance.

5 Conclusions and Future Work

We have presented an efficient method for accurately rendering thin
and multi-layered translucent materials based on a multipole diffu-
sion approximation. The multipole theory is enhanced to account
for mismatched indices of refraction as well as rough surfaces. Us-
ing a novel application of Kubelka-Munk theory in frequency space
a new method for combining multiple layers of translucent mate-
rials has been introduced. The new model is efficient and accu-
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multi-layer model can be used to make accurate measurements of
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Epidermis Epidermis Upper Dermis Upper Dermis Bloody Dermis Surface All
Reflectance Transmittance Reflectance Transmittance Reflectance Roughness Layers

Dipole close-up using parameters
from [Jensen et al. 2001]

Multi-layer close-up using
parameters from [Tuchin 2000]

Backlit close-up of the left ear
Figure 8: A multi-layered model of human skin using measured parameters for the individual skin layers [Tuchin 2000]. The top images show
the reflectance and transmittance of the epidermis, upper dermis, and the bloody dermis layers. The far right image shows the combination
of these layers using the multi-layer model. The middle images on the right compares the dipole model using the parameters from [Jensen
et al. 2001] with the multi-layer model. Note how the combination of the different layers results in skin that captures both the translucency of
the bloody dermis as well as the localized scattering in the epidermis. The lower right image shows light scattering through the backlit ear.
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• MC evaluation until ray passes a depth 
threshold

• diffusion approximation in core
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Li & Pellacini & Torrance / A Hybrid Monte Carlo Method for Accurate and Efficient Subsurface Scattering

Figure 1: Optically-thick to optically-thin materials showing changes in appearance from translucent to semi-transparent. The
ratio of the mean free paths is 1:3:10:30 from left to right.

a. Monte Carlo (246 min) b. Hybrid method (33 min) c. Jensen et al. (10 min)

Figure 2: Images rendered using a) pure Monte Carlo simulates, b) our hybrid method and c) Jensen et al. approximation.

to a wider range of translucent materials while keeping its
low computational cost compared to full Monte Carlo sim-
ulations. In developing our technique, we put emphasis on
the high accuracy of the simulation which is required for
many applications where artifacts are undesirable. In order
to achieve our goal, we utilize a Monte Carlo path tracing
algorithm to correctly capture the effect of the first few scat-
tering events, while switching to the dipole diffusion approx-
imation only if a given path penetrates deeply enough into
the surface, thus accelerating convergence. This combina-
tion, which is the main contribution of our work, provides
results as accurate as full Monte Carlo simulations not only
for translucent, optically-thick, materials but also for semi-

transparent, optically-thin, ones while maintaining the cost
low.

2. Related work

Light transport in a volume can be computed accurately by
solving the full radiative transport equation [Cha60]. Given
the high computational cost, only a few approaches were
proposed in the graphics literature. In particular, Dorsey
et al. [DEL∗99] simulated the appearance of weathered stone
using photon mapping, while Pharr and Hanrahan [PH00]
used nonlinear integral scattering functions. Albeit expen-
sive, these techniques provide very accurate simulations
valid for most materials.

c© The Eurographics Association 2005.
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• diffusion approximation for multiple 
scattering blurs out local variation
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• model mesostructure and volumetric 
nonhomogeneity in region near surface

• fit “shell texture function” to high quality data 
in volume

• evaluate core using diffusion approximation

• evaluate shell with STF
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Shell Texture Functions

Yanyun Chen Xin Tong Jiaping Wang∗ Stephen Lin Baining Guo Heung-Yeung Shum

Microsoft Research Asia

Abstract

We propose a texture function for realistic modeling and efficient
rendering of materials that exhibit surface mesostructures, translu-
cency and volumetric texture variations. The appearance of such
complex materials for dynamic lighting and viewing directions is
expensive to calculate and requires an impractical amount of stor-
age to precompute. To handle this problem, our method models an
object as a shell layer, formed by texture synthesis of a volumetric
material sample, and a homogeneous inner core. To facilitate com-
putation of surface radiance from the shell layer, we introduce the
shell texture function (STF) which describes voxel irradiance fields
based on precomputed fine-level light interactions such as shadow-
ing by surface mesostructures and scattering of photons inside the
object. Together with a diffusion approximation of homogeneous
inner core radiance, the STF leads to fast and detailed raytraced
renderings of complex materials.

Keywords: Texture mapping, reflectance and shading models,
mesostructure, subsurface scattering, texture synthesis, BTF

1 Introduction

The appearance of an object arises from a multitude of light in-
teractions on and within the object volume. These various forms
of reflection and scattering produce visual effects such as shad-
owing, masking, interreflection, translucency and fine-scale silhou-
ettes which elevate the realism of rendered images when they are
accounted for. These interactions are physically governed by shape
and material attributes that typically vary over an object.

Texture functions have long been used to map spatially-variant ma-
terial attributes such as color, surface normal perturbations [Blinn
1978], height field displacements [Cook 1984] and volumetric ge-
ometry [Neyret 1998] onto surfaces. While these methods can ad-
equately model fine-scale surface geometry, known as mesostruc-
ture, and its interaction with illumination, appearance effects that
arise from light transport within the material are not considered.
Since many materials in the physical world are translucent to some
degree, subsurface scattering is a vital element in realistic appear-
ance [Hanrahan and Krueger 1993]. Subsurface scattering and
other visual phenomena of a material can be captured in an image-
based representation such as a bidirectional texture function (BTF)
[Dana et al. 1999], which records the appearance of a surface patch
under various lighting and viewing directions. The BTF, however,
is an incomplete representation for mapping and synthesis, because

∗This work was done while Jiaping Wang was visiting Microsoft Re-
search Asia from the Institute of Computing Technology, Chinese Academy
of Sciences.

Figure 1: Shell texture function renderings of a non-homogeneous
bird with surface mesostructures, from different viewing angles.
Evident are detailed appearance features such as mesostructure sil-
houettes, translucency with material variations, and transmission of
backlighting.

it does not provide explicit shape information needed for rendering
mesostructure silhouettes. Moreover, the effects of subsurface scat-
tering are inadequately captured, e.g., backlighting through translu-
cent objects is not captured in BTF acquisition.

In this paper, we present a method that models and renders not
only mesostructure shadowing, masking, interreflection and silhou-
ettes on a surface, but also subsurface scattering within a non-
homogeneous volume. For modeling, we propose an object repre-
sentation consisting of a volumetric shell layer and an inner core, as
illustrated in Fig. 2. The shell is created by texture synthesis using
a volumetric material sample that can contain mesostructures and
material non-homogeneities. Since material non-homogeneities
from deep within the volume have a relatively subtle effect on ap-
pearance, the inner core is modelled as a homogeneous material.

Rendering this model with a full participating media simulation
[Jensen and Christensen 1998] could capture all the aforementioned
appearance details but also would incur a large computational ex-
pense. To efficiently render the detailed shell-core model, we pro-
pose the shell texture function (STF), which represents the irra-
diance distribution of a shell voxel with respect to incident illu-
mination direction. The STF is precomputed by photon mapping
that accounts for the fine-level lighting interactions among surface
mesostructures and the scattering and absorption of photons within
the possibly non-homogeneous material volume. With STF irra-
diance values for each shell voxel and a rapid simulation of sub-
surface scattering in the homogeneous inner core using the dipole
diffusion approximation of [Jensen and Buhler 2002], objects with
complex mesostructure and volume non-homogeneity can be effi-
ciently rendered by simple radiance calculations and ray tracing.

Using the STF in the shell-core framework allows us to efficiently
generate realistic images of complex materials such as shown in
Fig. 1. We note that detailed silhouettes of the orange mesostruc-
ture protrusions cannot be rendered by mapping BTF images onto
the mesh, and the transmissions of backlighting shown in the right-
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Figure 14: Stanford bunny with marble. The STF used in this example is synthesized from two sample images on the right

Figure 15: Torus modelled with a wax STF. The STF is obtained from the CT scan of a real volume.

Figure 16: Strawberry rendered by a STF generated from a scan-converted geometry model. Note that both the dents and seeds are part of
the surface mesostructure.
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• two scale model: fine nonhomogeneities, 
course diffusion approximation

• local scattering effects: local reflectance, 
mesostructure entrance function, 
mesostructure exit function

• texture synthesis of local model.
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Figure 9: A thin sponge with back illumination. Left: Using a quasi-homogeneous material model; Center: Using a BTF; Right: Using a
combination of a BTF and a dipole diffusion model for subsurface scattering.

Figure 10: A sponge bunny under different lighting and viewing directions.

Figure 11: A teapot made of rice cake, shown under different lighting and viewing directions. Global light transport is exhibited near the
silhouettes of the teapot and in the shadowed areas.

Figure 12: Slices of bread under different lighting and viewing directions. The bread is modelled with an acquired material model, while the
crust of the bread and the other objects in the scene are shaded with a conventional BRDF model and color texture maps.

Figure 9: A thin sponge with back illumination. Left: Using a quasi-homogeneous material model; Center: Using a BTF; Right: Using a
combination of a BTF and a dipole diffusion model for subsurface scattering.

Figure 10: A sponge bunny under different lighting and viewing directions.

Figure 11: A teapot made of rice cake, shown under different lighting and viewing directions. Global light transport is exhibited near the
silhouettes of the teapot and in the shadowed areas.

Figure 12: Slices of bread under different lighting and viewing directions. The bread is modelled with an acquired material model, while the
crust of the bread and the other objects in the scene are shaded with a conventional BRDF model and color texture maps.
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Figure 9: A thin sponge with back illumination. Left: Using a quasi-homogeneous material model; Center: Using a BTF; Right: Using a
combination of a BTF and a dipole diffusion model for subsurface scattering.

Figure 10: A sponge bunny under different lighting and viewing directions.

Figure 11: A teapot made of rice cake, shown under different lighting and viewing directions. Global light transport is exhibited near the
silhouettes of the teapot and in the shadowed areas.

Figure 12: Slices of bread under different lighting and viewing directions. The bread is modelled with an acquired material model, while the
crust of the bread and the other objects in the scene are shaded with a conventional BRDF model and color texture maps.
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Abstract
Many translucent materials consist of evenly-distributed heteroge-
neous elements which produce a complex appearance under differ-
ent lighting and viewing directions. For these quasi-homogeneous
materials, existing techniques do not address how to acquire their
material representations from physical samples in a way that allows
arbitrary geometry models to be rendered with these materials. We
propose a model for such materials that can be readily acquired
from physical samples. This material model can be applied to geo-
metric models of arbitrary shapes, and the resulting objects can
be efficiently rendered without expensive subsurface light transport
simulation. In developing a material model with these attributes,
we capitalize on a key observation about the subsurface scattering
characteristics of quasi-homogeneous materials at different scales.
Locally, the non-uniformity of these materials leads to inhomoge-
neous subsurface scattering. For subsurface scattering on a global
scale, we show that a lengthy photon path through an even distri-
bution of heterogeneous elements statistically resembles scattering
in a homogeneous medium. This observation allows us to represent
and measure the global light transport within quasi-homogeneous
materials as well as the transfer of light into and out of a mate-
rial volume through surface mesostructures. We demonstrate our
technique with results for several challenging materials that exhibit
sophisticated appearance features such as transmission of back illu-
mination through surface mesostructures.

Keywords: subsurface scattering, reflectance and shading models,
rendering

1 Introduction

Many non-homogeneous translucent materials are composed of
various substances that are evenly distributed throughout its vol-
ume. These quasi-homogeneous materials present a formidable
challenge in realistic rendering because of their complex spatially
variant subsurface scattering properties [Hanrahan and Krueger
1993]. Furthermore, their appearance is often complicated by sur-
face mesostructures [Koenderink and Doorn 1996] that not only
produce surface reflections, but also affect how light enters and ex-
its a material volume. That computer graphics has still not been
able to convincingly render a slice of bread, as notably mentioned
by the late Alain Fournier [Fiume 2001], can largely be attributed
to such intricacies in material structure and optical properties.
Quasi-homogeneous materials, or any other non-homogeneous

material, can be adequately described by the bidirectional
scattering-surface reflectance-distribution function (BSSRDF)
[Nicodemus et al. 1977]. Unfortunately, acquiring a BSSRDF is
extremely difficult. While a technique is available [Jensen et al.

∗This work was done while Jiaping Wang was a visiting student at Mi-

crosoft Research Asia.

Figure 1: A slice of bread rendered using a quasi-homogeneous ma-
terial model acquired from a physical sample. The geometric model
of the rendered slice was designed by an artist. Composed of many
evenly distributed cavities and ingredients, bread is a common ex-
ample of a quasi-homogeneous material.

2001] for measuring the BSSRDF of homogeneous materials, it is
not clear how to extend this technique to non-homogeneous mate-
rials. Another approach to modeling quasi-homogeneous materials
is to create synthetic volumetric models with subsurface scattering
properties. This, however, has proven to be a highly non-trivial
task [Chen et al. 2004]. Synthetic volumetric models furthermore
require expensive light transport simulation for rendering [Dorsey
et al. 1999; Pharr and Hanrahan 2000].

In this paper, we present a technique for modeling and rendering
quasi-homogeneous materials that is based on a material represen-
tation which can be readily acquired from physical samples. This
material representation can be applied to geometric models of ar-
bitrary shape, and the resulting objects can be efficiently rendered
without expensive subsurface light transport simulation. To em-
phasize its broad applicability to arbitrary geometric models, we
call this representation a material model to distinguish it from ob-
ject models which are typically used in image-based modeling and
rendering of real-world objects (e.g., [Goesele et al. 2004]). A ma-
terial model describes how light is scattered by the material, while
an object model captures the actual appearance of a specific phys-
ical object. Unlike a material model, an object model measured
from a given translucent object cannot be applied to objects of other
shapes, because the appearance of each surface point is not a local
quantity but the result of light propagation within the whole object.

The key observation behind our material model is that the sub-
surface scattering characteristics of quasi-homogeneous materials
can be effectively analyzed through examination at two different
scales. At a local level, the heterogeneity of a volume leads to non-
homogeneous subsurface scattering. At a larger scale, because of
the even distribution of materials within a quasi-homogeneous vol-
ume, small neighborhoods centered at different points in the volume


