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4 Coordinate Free Geometry

Coordinate free geometry (CFG) is a style of expressing geometric objects and relsttbat
avoids unnecessary reliance on any specific coordinateray®epresenting geometric quantities
in terms of coordinates can frequently lead to confusiod, tarderivations that rely on irrelevant
coordinate systems.

We first define the basic quantities:

1. Ascalar is just a real number.
2. Apaint is a location in space. tfoes not have any intrinsic coordinates.

3. Avector is a direction and a magnitude.dbes not have any intrinsic coordinates.

A point is not a vector: we cannot add two points together. Aot compute the magnitude of
a point, or the location of a vector.

Coordinate free geometry defines a restricted class of apesain points and vectors, even though
both are represented as vectors in matrix algebra. Theswoitpoperations are thanly operations
allowed in CFG.

1. ||¢]|: magnitude of a vector.

2. p1 + U1 = P9, Or Uy = pp — py.. point-vector addition.
3. U + U, = U3.: vector addition
4

. avy = Uy vector scaling. It > 0, thent, is a new vector with the same directionisbut
magnitudex||v; ||. If « < 0, then the direction of the vector is reversed.

o

Uy - Uyt dot product= |7y ||||v2]] cos(6), whered is the angle between the vectors.

6. U1 X vy: cross product, wherg, andv, are 3D vectors. Produces a new vector perpedicular
to , and tov,, with magnitudé|v, || ||| sin(f). The orientation of the vector is determined
by the right-hand rule (see textbook).

7. >, a;U; = v: Linear combination of vectors
8. >, aip; = p,if Y, a; = 1: affine combination of points.
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Example:

® D1+ (P2 — P3) = P1 + U = Pa.
° 06]52—04131 204171 :?72.

. %(pl +p2) =p1 + %(ﬁ2 —p1) =p1+ %172253-

Note:
In order to understand these formulas, try drawing somestto illustrate differer
cases (like the ones that were drawn in class).

—

Note that operations that anet in the list are undefined.

These operations have a number of basic properties, emgmatvity of dot product:v; - 7o =
Uy - U, distributivity of dot product; - (U + U3) = ) - Ua + Uy - Us.

CFG helps us reason about geometry in several ways:

1. When reasoning about geometric objects, we only care dabeuntrinsic geometric prop-
erties of the objects, not their coordinates. CFG preventsams introducing irrelevant
concepts into our reasoning.

2. CFG derivations usually provide much more geometric fismifor the steps and for the
results. It is often easy to interpret the meaning of a CFG fitesmwhereas a coordinate-
based formula is usually quite opaque.

3. CFG derivations are usually simpler than using coordgamce introducing coordinates
often creates many more variables.

4. CFG provides a sort of “type-checking” for geometric reasg. For example, if you derive
a formula that includes a term- v, that is, a “point dot vector,” then there may be a bug
in your reasoning. In this way, CFG is analogous to type-cimgcika compilers. Although
you could do all programming in assembly language — whiclsduo® do type-checking
and will happily led you add, say, a floating point value to adiion pointer — most people
would prefer to use a compiler which performs type-checlking can thus find many bugs.

In order toimplement geometric algorithms we need to use coordinates. Thesdiocabes are part
of the representation of geometry — they are not fundamémtalasoning about geometry itself.

Example:

CFG says that we cannot add two points; there is no meaningstopleration. Bu
what happens if we try to do so anyway, using coordinates?

Suppose we have two pointg; = (0,0) andp; = (1, 1), and we add them together
coordinate-wisepp, = po + p1 = (1,1). This is not a valid CFG operation, Qut
we have done it anyway just to tempt fate and see what happiassee that th
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resulting point is the same as one of the original poipts= p; .

Now, on the other hand, suppose the two points were repesseng different coor-
dinate frameg, = (1,1) andg; = (2,2). The pointsj, andg, are thesame points a
Po andpy, with the same vector between them, but we have just repesémem i

a different coordinate frame, i.e., with a different orighdding together the points
we getg, = go + @1 = (3, 3). This is adifferent point fromg, andg;, whereas before
we got the same point.

The geometric relationship of the result of adding two pook¢pends on the coordi-
nate system. There is no clear geometric interpretatioadding two points.

Aside:
It is actually possible to define CFG with far fewer axioms ttiaones listed above.
For example, the linear combination of vectors is simplyitoid and scaling of
vectors.
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