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Abstract

This paperdescribesa techniqueto evaluateLoop subdvision surfacesat arbitrary parame-
ter values. The methodis a straightforvard extensionof our evaluationwork for Catmull-Clark
surfaces.Thesamedeasareappliedhere, with thedifferenceseingin thedetailsonly.

1 Intr oduction

Triangularmeshesrisein mary applicationssuchassolid modellingand nite elementsimula-
tions. Theability to de ne asmoothsurfacefrom a giventriangularmeshis thereforeanimportant
problem. For topologicallyregular meshes smoothtriangularsurfacecanbe de ned usingbox
splineg[1]. In 1987Loop generalizedherecurrenceelationsfor box splinesto irregularmeshes
[3]. Using his subdvision rulesary triangularmeshcanbe re ned. In thelimit of anin nite
numberof subdvisionsa smoothsurfaceis obtained. Away from extraordinary vertices(whose
valence ) the surfacecanbe parametrizedisingtriangularBezierpatcheslervedfrom the
box splines[2]. Until recentlyit was believed that no parametrizationshat lend themselesto
ef cient evaluationexistedat the extraordinarypoints. This paperdisprovesthis belief. We de ne
parametrizationsearextraordinarypointsandshonv how to evaluatethemefciently. Thetech-
niquesareidenticalto thoseusedin our previous work on evaluatingCatmull-Clarksubdvision
surfaced5]. Thedifferencesarein thedetailsonly: differentparametedomain differentsubdvi-
sionrulesandconsequentlya differenteigenanalysisWe assumehatthe readeris familiar with
the contentof [5].

Theremaindepf thisshortpaperis organizedasfollows. Thenext sectiorbrie y reviewstrian-
gularLoop subdvisionsurfaces.Section3 summarizefiow we de ne andevaluatea parametriza-
tion for suchsurfaces. Section4 discussesmplementatiordetailswhile Section5 depictssome
resultsobtainedusingour schemeFinally, someconclusionsandpossiblesxtensionf thiswork
aregivenin Section6. Materialwhichis of arathertechnicahatures explainedin theappendices.
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Figurel: A singleregulartriangularpatchde nedby  controlvertices.

2 Loop Subdivision Surfaces

Looptriangularsplinesgeneralizehebox splinesubdvisionrulesto meshe®f arbitrarytopology
Onaregularpartof themesheachtriangularpatchcanbede nedby  controlverticesasshovn
in Fig. 1. Thebasisfunctionscorrespondingo eachof the controlverticesaregivenin Appendix
A. We obtainedthesebasisfunctionsby usinga corversionfrom box splinesto triangularBezier
patcheslevelopedby Lai [2]. This (regular)triangularpatchcanbe denoteccompactlyas:

where isa matrix containingthe control verticesof the patchorderedasin Fig. 1 and
is the vectorof basisfunctions(seeAppendixA). The surfaceis de ned over the “unit
triangle”:

The parametedomainis a subsebf the planesuchthat corresponds$o the point and
correspondso the point . We introducethe third parameter such
that forms a barycentricsystemof coordinatedor the unit triangle. The value
correspondso the origin . Thedggreeof the basisfunctionis at most in eachparameter
andour surfacepatchis thereforea quarticspline.
The situationaroundan extraordinaryvertex of valence is depictedin Fig. 2. The shaded

trianglein this gure is de ned by the controlverticessurroundingthe patch. The
extraordinaryvertex correspondso the parameteralue . Sincethe valenceof the extraor
dinaryvertex in themiddle of the gure is , thereare controlverticesin this case.

The gure alsoprovidesthelabellingof thecontrolvertices.We storetheinitial  controlvertices
ina matrix
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Figure2: An irregulartriangularpatchde ned by controlvertices.Thevertex

labelled“1” in themiddleof the gure is extraordinaryof valence .
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Figure3: The meshof Fig. 2 afteroneLoop subdvision step. Notice thatthree-quartersf the
triangularpatchcanbeevaluated.
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Figure4: Threeregular meshesorrespondingo the threeshadedoatches. The labelling of the
controlverticesde nesthepicking matrices.



3 Method of Evaluation

3.1 Setup

Throughsubdvision we cangeneratea new setof control verticesas
shavnin Fig. 3. Noticethatwe now have enoughcontrolverticesto evaluatethree-quartersf the
triangularpatch.We denotethe new setof controlverticesby:

Thesubdvision stepin termsof thesematricess entirelydescribedy an extendedsubdi-
visionmatrix
where

(1)

andtheblocksarede ned in AppendixB. The additionalverticesneededo evaluatethe surface
areobtainedrom abiggersubdvision matrix

where

and and arede nedin AppendixB. Threesubsetof controlverticesfrom de ne
threeregulartriangularpatchesvhich cannow beevaluatedIf we repeathesubdvisionstep,we
generatanin nite sequencef controlvertices:

For each subsetof  verticesfrom form the control verticesof a regular triangular
patch.Let usdenotehesethreesetsof controlverticesby thefollowing three matrices
with . To computethesecontrol verticeswe introducethe “picking matrices”

Eachrow of thepickingmatrix  is lled with zerosexceptfor aonein thecolumncorresponding
to theindex shavn in Fig. 4. Eachsurfacepatchis thende ned asfollows:

We seeka parametrization for our triangularsurfacefor all . As showvnin Fig.
5 we canpatrtitiontheparametedomaininto anin nite setof tiles , with and
Thesesubdomaingrede ned for morepreciselyas:
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Figure5: Theparametedomainis partitionedinto anin nite setof triangulartiles.

Thesurfacepatchis thende ned by its restrictionto eachof thesetriangles:

(2)

wherethetransformation  mapsthetile  ontotheunittile  (with the correctorientationof
Fig. 1):

Eqg. 2 actuallyde nesaparametrizatiofior the surfacepatch.However, it is expensveto evaluate
sinceit involvestakingpowersof acertainmatrix to any number . To make the parametriza-
tion moreef cient, we eigenanalyze.

3.2 Eigenstructure

Whenthevalence , theextendedsubdvisionmatrix  is non-defectre . Consequently
canbediagonalized:

3
where is the diagonalmatrix which containsthe eigervaluesand containsthe eigervectors.
Thesematriceshave thefollowing block structure:

Thediagonalblocks and correspondo theeigervaluesof and |, respectrely, andtheir
corresponding@igervectorsarestoredin and ,respectiely. Thematrix  is computedy
extendingtheeigervectorsof , i.e.,by solvingthefollowing linearsystems:

(4)

Thecase hasa non-trivial Jordarblock andis treatedn AppendixC.
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In Appendix B we computethe entire eigenstructurdor Loop's schemeprecisely Let
betheprojectionof theinitial controlverticesontotheeigenspacef andlet be
the -dimensionalectorof eigenbasidunctionsde ned by:

®)
Theeigenbasisunctionsfor valences and aredepictedn Fig. 6. Eachfunction of
the eigenbasig€orrespondso oneof the eigervectorsof the matrix . Eacheigenbasigunction
is entirelyde ned by its restrictionontheunittriangles , and . Oneachofthesedomains

theeigenbasiss aquarticspline. Thebasisfunctionscanbe evaluatecelsavheresincethey satisfy
thefollowing scalingrelation:

Thetriangularsurfacepatchcannow bewritten solelyin termsof theeigenbasis:

(6)

In the next sectionwe shov how to implementthis equation.

4 Implementation

Theeigenstructuresf thesubdvisionmatricedor ameaningfurangeof valencehaveto becom-
putedonceonly. Let NMAXbe the maximumvalencetheneacheigenstructurés storedinternally
in thefollowing datastructure:

typedef

struct
double L[K]; [* eigervaluest/
double IVIK][K]; [* inverseof theeigervectors*/
double Phi[K][3][12]; [* Coefcients of theeigenbasis/
EIGENSTRUCT;

EIGENSTRUCTeigen[NMAX];

whereK=N+6. The coefcients of the eigenbasisunctionsaregivenin the basisof AppendixA.
Therearethreesetsof controlvertices,onefor eachof thefundamentatiomainsof the eigenbasis.
Thesecontrol verticesare simply equalto . The eigenstructurevas computedfrom the
resultsof AppendixB andby solvingthe linear systemde ned by Eq. 4 numerically Also, we
numericallyinvertedthe eigervectorswithout encounteringany numericalinstabilities. We have
includedadata le calledlpdata50.dat onthe CDROM which containgheseeigenstructures
up to NMAX=50 Also includedon the CDROM is a C programwhich readsin andprintsoutthe
data.

Using this eigenstructureéhe surfacefor arny patchcanbe evaluatedby rst projectingthe K
controlverticesde ning the patchinto the eigenspacef thesubdvision matrix with thefollowing
routine.

ProjectPoints ( point *Cp, point *C, int N)
for (=0 ; i<N+6 ; i++ )
Cpli]=(0,0,0);



for ( j=0 ; j<N+6 ; j++ )
Cp[i] += eigen[N].iV[i][j] * C[jI;

Thisroutinehasto be calledonly oncefor a particularsetof controlvertices.
The evaluationat a parametewralue (v,w) is performedby computingthe productgivenin
Eq.6.

EvalSurf ( point P, double v, double w, point *Cp, int N)
[* determindn whichdomain theparametelies*/
n = floor(1-log2(v+w));
pow2 = pow(2,n-1);
V *= pow2; w *= pow2;
if (v>05)
k=0; v=2*v-1; W=2*W;

else if (w>05 )
k=2: v=2*v; w=2*w-1;

else
k=1; v=1-2*v; w=1-2*w;

/* Now evaluatethe surface*/

P = (0,0,0);

for ( i=0 ; IKN+6 ; i++ )

P += pow(eigen[N].L[i],n-1) *
EvalBasis(eigen[N].Phi[i][k],v W) * Cpli];

wheretheroutineEvalBasis evaluatesa regular triangularpatchusingthe basisof Appendix
A. To evaluatehigherorderderiatives,we replaceEvalBasis  with afunctionthatevaluatesa
derivative of the basis. In this case the endresultalsomustbe multiplied by two to the power
n*p , wherep is the orderof differentiation. Therefore thefollowing line shouldbe addedat the
endof EvalSurf

P =k==1 ? pow(-2,n*p)*P . pow(2,n*p)*P;

5 Results

We have implementedour evaluationtechniqueand have usedit to computethe eigenbasefor

differentvalencesFig. 6 depictsthe entiresetof eigenbasifor valences and . Noticethatthe
last 6 eigenbasisunctionsarethe sameregardlesf the valence sincethey dependonly on the
eigervectorsof  , which arethe samefor ary valence.In fact, asfor Catmull-Clarksurfaces,
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Figure6: Completesetof eigenbasisunctionfor a patchof valence(a) and(b)
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Figure7: Resultcreatedusingour evaluationschemey(a) The basemeshwhich containsvertices
with valencesangingfrom to , (b) Isoparametelines, (c) shadedsurfaceand (d) Gaussian
cunatureplot.



theseeigenbasidunctionsare equalto simple monomials(see[5]). The eigenbasidunctions
containall theinformationnecessaryo analyzel.oop subdvision surfaces.
To testour codewe createdhe meshshavn in Figure7.(a)which containsverticesof valence
to . Figure7.(b) shavs a closeupof theisoparametelines generatedby Loop subdvisionand
evaluatedusingourtechniqueln Figure7.(c)we evaluatedoththesurfaceandthenormal.Figure
7.(d) shavs a Gaussiarcurvatureplot, wherered denotegositive curvature,green at curvature
andbluenegative cunature.

6 Conclusionsand Futur e Work

In this paperwe have shavn thatour evaluationtechniquerst developedfor Catmull-Clarksur
facescanbe extendedto the classof Loop subdvision surfaces.Our next stepwill beto present
theseresultsin a moregeneralsettingin which Catmull-ClarkandLoop areregardedasspecial
casesTheclassof polynomialsurfacesde ned by Reif would bea goodcandidatd4].
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A Regular Triangular Spline BasisFunctions

Thetriangularsurfacede ned by the controlverticesshavnin Fig. 1 canbeexpressedn termsof
basisfunctions. SinceLoop's schemeon the regular part of the meshis a box spline,we can

nd thecorrespondindgezierpatchcontrolverticesof thetriangle.Lai hasdevelopedFORTRAN
codewhich providesthe conversionto thecontrolverticesfor thequartictriangularBezierpatches
correspondindo the box spline[2]. We have usedhis code(with L=2, M=2andN=2) to geta
matrix  which convertsfrom the Beziercontrol verticesof the patchto the  control
verticesshavnin Fig. 1. We getthe  basisfunctionsfor our triangularpatchby multiplying the

multivariateBernsteinpolynomialsby thematrix . Carryingoutthis multiplicationleadsto

thefollowing result(thanksto Maple's built in featurewhich convertsto LaTeX):
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where

B Eigenstructure of the Subdivision Matrix

Thesubdvisionmatrix is composeaf threeblocks. Theupperleft block containghe“extraor
dinaryrules” of Loop's schemelt is equalto

where

We have usedthe shorthandhotation

If we Fouriertransformthe matrix we get:

where

Theeigervaluesandthe eigervectorsof the transformedmatrix aretrivial to computebecausef
thealmost-diagonasdtructure.They are

Noticethatwe have . Thisis not surprisingsinceLoop constructedis schemdrom this
relation[3]. Theeigewvalues to areof multiplicity two, since , except
of coursefor thecasewhen is even,then is only of multiplicity one.Thecorresponding

eigervectorsare(whenstoredcolumnwise):
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By Fouriertransforminghesevectorsback,we cancomputetheeigervectorsof thematrix . The
resultis

where . Thesearecomple valuedvectors. To getreal-valuedvectorswe
just combinethe two columnsof eacheigervalueto obtaintwo correspondingeal eigervalues.
For example thetwo realeigervectorsfor theeigervalue : are:

where

Thecorrespondingnatrix of diagonalvectorsis equalto

when isodd,andis equalto

when iseven.Thiscompletesheeigenanalysisf thematrix . Letusnow turntotheremainder
of thematrix
Theremainingblocksof thematrix —arenow given.

Thematrix  hasthefollowing eigermvalues:

i.e.,

And thecorrespondingigervectorsare:
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We point out that the following problemmight occurwhentrying to solve Eq. 4. When
is even, the columncorrespondingdo the last eigervectorof  givesrise to a degeneratdinear
systemsincethe eigervalueis . Fortunately the systemcanbe solved manually andin this
casethelastcolumnof s givenby:

Theremainingtwo blocksof thematrix — are

C Valence

Whenthe valenceof the extraordinarypoint is equalto three,the analysisof Section3 breaks
down since,in that case,the extendedsubdvision matrix hasa non-trivial Jordanblock. This
meanghattheeigervectorsdo notform a basisandthe subdvisionmatrix cannotediagonalized.
Fortunately this casecanbe dealtwith quite easilysincethe matricesinvolved are only of size

. Mostof thecomputationseportedn this appendixverecomputedisingMaple's jordan
commandln this casethe Jordandecompositiorof the subdvision matrixis

where
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and

Usingthesamatriceghesurfacecannow beevaluatedasin theothercasesOnly theevaluation
routinehasto be modi ed to accountfor the additionalJordanblock. The modi cation relieson
thefactthatpowersof the Jordarblock have a simpleanalyticalexpression:

With thisin mindthelastlinesof routineEvalSurf shouldread:

/* Now evaluatethe surface*/

P = (0,0,0);
for ( i=0 ; IKN+6 ; i++ )
P += pow(eigen[N].L[i],n-1) *
EvalBasis(eigen[N].Phi[i][K] v,w)  * Cpli];
if ( i==N+4 && N==3)
P += (n-1) * pow(eigen[N].L[i],n-2) *
EvalBasis(eigen[N].Phi[i][K] Vv,w)  * Cpli+1];

14
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