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Abstract. Multiple scattering in participating media is generally a complex
phenomenon. In the limit of an optically thick medium, i.e., when the mean
free path of each photon is much smaller than the medium size, the effects of
multiple scattering can be approximated by a diffusion process. We introduce
this approximation from the radiative transfer literature to the computer graph-
ics community and propose several numerical methods for its solution. We
implemented both a multi-grid finite differences scheme and a finite-element
blob method.

1 Introduction

One of the principa aims of computer graphicsisto accurately model the propagation
of light. One challengein thisarea isto model the propagation of light in the presence
of a participating medium. Many natural environments contain participating media
such as fog, steam, mist, clouds or dust. Typicaly in such environments each beam
of light undergoes many changes as it interacts with the participating medium. The
phenomenon of scattering, which changes the direction of propagation, makes this
process particularly complicated. In rendering these effects, most researchers make the
assumption that the light rays propagating through the medium encounter at most only
one scatter event [3, 14]. To model the effects of multiple scattering, researchers either
make simplifying assumptions about the participating medium or resort to expensive
simulations. Rushmeier et al. assume amedium with isotropic scattering properties and
derive aradiosity-stylealgorithm [13]. This method essentially models the interchange
of energy between cubical elements (zones) of the environment. Anisotropic effects
can also be modelled by discretizing the directions. These methods are known as
Discrete Ordinates and have been applied to the rendering of participating media by
Max and Languénou et a. [9, 8]. Other researchers have used direct Monte-Carlo
techniques to simulate the paths of light particles in general environments [1, 11].
None of these models attempt to derive analytical models to account for the effects of
multiplescattering. A notableexceptionisthework of Kgjiyaand VonHerzen [7]. They
model the effects of multiple scattering by expanding the intensity field into a spherical
harmonics basis. This method is known as the Py-method in the transport theory
literature, where NV is the degree of the highest harmonic in the expansion [2]. Kgjiya
and Von Herzen derived the general method but used the P; expansion in their results
as inferred from their statement: “We truncate the so-caled “p-wave’, viz. after the
[ = 1term” [7]. Inthissituation, a diffusion-typeeguation is obtained for the scattered
part of theillumination field. Unfortunately this characterization was obscured by the
level of generality of their derivation. Also boundary conditionswere not discussed in
detail.
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Fig. 1. Reduced Incident Intensity /,; vsDiffuse Intensity /4

The purpose of this paper isto present this diffusion approximation in greater detail
to the computer graphi cscommunity. The approximationisvalid when scattering events
are frequent, i.e., in “opticaly thick” media. Under these exact conditions the effects
of multiple scattering become apparent and the single scattering approximation is no
longer vaid. The effect of many scattering eventsis to smooth out the dependence of
the intensity on itsangular variable. Intuitively, in each region of the medium we find
photonstravellingin arbitrary directions.

The rest of the paper is organized as follows. Section 2 reviews the basic concepts
and equationsof transport theory. 1n Section 3 we show how the diffusion approximation
is obtained from the transport equation. Section 4 presents numerical methodsto solve
diffusion equations. In Section 5 applications and results are given. Finally in Section
6 we state the conclusions and discuss future research.

2 Transport Theory

It is often convenient to separate the intensity field into two components: the reduced
incident intensity 7,.; and the diffuse intensity 7; [6]. The reduced incident intensity
is that part of the intensity entering the participating medium which is attenuated by
both scattering and absorption. The diffuse intensity, on the other hand, is created
entirely within the medium through the phenomenon of scattering. Figure 1 illustrates
themeaning of thesetwo terms. Specifically, consider theray x,, = x¢— u s connecting
apoint x; on one of the surfaces of the environment to a point xo within the medium
(again see Fig. 1). Thereduced incident intensity is then the fraction of the intensity
I(x3, s) coming from the surface which is not scattered away or absorbed dong theray:

Ir5(x0,8) = I(x3,s) exp (—Ut/o p(xy) du) ,

where p isthedensity of the medium and & istheextinction cross-section characterizing
the scattering and absorptive properties of the medium. Indeed, it is the sum of a
scattering cross section o5 and an absorption cross section o, o, = o5 + 04. The
albedo of the medium is the fraction of light that is scattered versus that which is
absorbed: Q = o,/0y. Usudly, there is no anaytical closed form for the diffuse
intensity. An equation for the diffuse intensity is obtained by equating the variation of
the diffuse intensity along a given direction to the gain in intensity due to inscatter and
emission minus losses caused by outscatter and absorption [6]:

s -VIg=—0op(lg+ (1 - Q)Q + QQri + QS{14}), (1)



where ) isthe self-emission of thegasand Q,; = S{I,;} istheintensity dueto thefirst
scatter of the reduced incident intensity. The functional S models the effect of asingle
scattering event and is equal to:

S{I}(x,s) = %,/4 p(s-s') I(x,s") ds/, (2)

where the phase function p givesthe spherica distribution of light. The phase function
isusualy normalized such that itsintegral over al directionsis4=. A simple measure
of the anisotropy of the participating medium is given by the first moment of the phase
function defined by ;1 = 3/2 f_J’lly p(u) dp. For negative p1 the phase function favours
back scattering over forward scattering. The converseistruefor positive. Thereduced
incident intensity is generally easy to calculate, since it involves only the integration
of the density of the medium along aray. A fast volume tracer can therefore be used
[14, 17]. The diffuse intensity requires the solution of the transport equation and is
usually more complicated to solve. In the next section we derive a diffusion equation
for thisintensity.

3 The Diffusion Approximation

As stated in the previous section, the diffused intensity is entirely created within the
medium through the phenomenon of scattering. As the number of scattering events
increases, the angular dependence tends to be smoothed out (see Appendix A). Thisis
important since it shows that the diffuseintensity caused by many collision effects has
only aweak dependence on direction. This motivates the main approximation made in
the diffusion approximation, namely that the diffuse intensity can be expanded into the
first two terms of its Taylor expansion in the directional component only:

Ii(x,8) = Ig(x) + Iﬁ(x) -s. (3)

By subsgtituting this reduced expansion of the diffuse intensity into Eq. 1 we obtain two
equations by grouping terms that have the same order. Indeed, the left hand side of Eq.
1 becomes:

s-VIj=s-VII+ V-1

The scattering term on the right hand side can be cal cul ated likewise to be:*

Q — Q
QS{l:} = E/“ (L4 s -8y + ) (I9(x) +14(x) -8') ds’ = QIJ+ ?ﬂlﬁ - S.

Using these relationsand grouping terms that have the same order, we get two equations
for the coefficients 79 and I3:

V:[ﬁ = —p (0'@]2—0'5@22' _UaQ) 3 (4)
VI} = —p(onIi—0.Qn), ®)

We usethe following identities: [,8" ds’ =0, [s-s'ds’ = 0and [{s-s')s’ ds' = %s.




where Q°; and Q2; are thefirst two coefficients of (),.; expanded initsangular variable.
The transport cross section o, isintroduced as shorthand notation:

oy = (1= Qu/3)oy = o5(1— p/3) + o4.

For congtant phase functions, the flux QZ; is equa to zero and the transport cross
section equal s the extinction cross section. These two functions, then, characterize the
anisotropy of the diffuseintensity. Equations4 and 5 are equivalent to the P; equations
used by Kagjiyaand Von Herzen to render their clouds[7]. The diffusion aspect of these
equationsiis, at this point, still hidden. We achieve a single equation for the average
diffuseintensity asfollows. The average flux can be extracted from the second equation
and subsgtituted into the first one to yield a diffusion equation for the average diffuse
intensity:

V- (kVIJ) —ald+ S =0, (6)

where we have used the following shorthand notations:

wx) = (o)
a(x) = oup(x)
S(x) = oup(Q%x) ~ T2V QL)+ rap(x)Qx).

The boundary condition that no diffuse intensity can penetrate the medium at a surface
cannot be satisfied exactly, because the diffuseintensity is approximated only by itsfirst
two moments. Instead, an approximate boundary conditionthat the total inward flux be
zero isappropriate. The exact form of thisconditionis[6]:

d o
I9(xs) — ZH(Xs)ﬁ—nfg(Xs) + 2;-‘0 - Qyi(x;) =0, (7)

for all pointsx lying on the boundary and n denotes the normal to the surface at point
x;. Oncethe average diffuseintensity has been calculated, we can compute the average
flux from Equation 5:

Li(x) = k(x) (=VIg(x) + 00p(x)Qri (x)) - (8

In other words, the diffuse intensity is determined essentialy by its first coefficient,
sincethe flux I} is proportiona to the gradient of 79.

The diffusion equation can a so be obtained by expanding the intensity field into a
perturbation series in the dimensionlessratio |/ Lo, where | = 1/04p isthe mean free
path of the photons and Lg is a characteristic length of the medium, eg., Lo = 100
km for clouds and Lo = 1 m for steam rising from a kettle. When thisratio is small,
local interactions dominate and the global transport equation collapses into a diffusion
equation. The approximation is commonly considered valid when thisratio is smaller
than 1/4[15].

From this diffusion equation, we can now make certain qualitativeremarks concern-
ing the phenomenon of multiple scattering. The basic effect is to smear out the initial
source intensity S equal to the first scatter and the self-emission of the gas over time.
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Fig. 2. The multi-grid method and a“v”-cycle

The effects of multiple scattering are most pronounced when the diffusion coefficient
is high and the absorption rate islow. Specifically, the diffusion constant is higher for
phase functions favouring forward scattering (1 > 0) versus backward scattering. The
same is achieved when the abedo is close to unity. Chiefly, clouds have both a high
albedo and a strong forward scattering. Multiple scattering is therefore an important
phenomenon in clouds.

In the next section we will review some numerical techniquesto solvethe diffusion
equation.

4 Numerical Solution of the Diffusion Equation

4.1 Multi-Grid Schemes

We obtain a straightforward numerical scheme for the diffusion equation when both
the diffuseintensity and the source intensity are discretized on athree-dimensional grid
of size N3 and spacing k. The diffusion operator is then approximated using central
differences:

Kiprjrlivigr + Ricijplicije + -+ Kijr—1lijr—1— 6L 51
h? ’

where «; ; ;. isthe sampled version of the diffusion constant. This discretization yields
a system of equations for the interior points of the domain. For large N this system
cannot be solved directly and isusually solved by relaxation [12]. After each relaxation
step, we update the boundary by discretizing Equation 7. Let (¢, j, k) be apoint on the
boundary. The variation aong the normal is then approximated by:

VkVI =

O T =Tk
on HET h ’
where (¢, 7/, k) is the closest sample to the boundary along the normal. For example,

for the boundary point (¢, O, k), the closest pointis (7, 1, ¥). The boundary conditionis
thus satisfied if the boundary is updated after each rel axation step:

26ijilinj e —2hm-Qijk
bl
h+ 2}4?2'}]'}]C

Lij e =

where Q; ; . isthe sampled version of the function US/U”Q}Z».

A major drawback of relaxation schemes is their slow convergence. A powerful
techniqueto speed up the convergence rate isto relax the system on gridswith different
spacings h. Following we will briefly review this method, known as the multi-grid
method (for more detailssee [4]). The efficiency of the multi-grid method isdueto both



the fact that it can produce a good initia estimate of the solution and that it removes
the high frequencies from the error by relaxing on coarser grids. These are achieved
by considering a hierarchy of grids of spacings i = 27, p = peoarse, ..., Pfine. 1h€
equation is first relaxed on the finest grid for a fixed number of iterations and then
projected onto the next coarsest grid. This projection is likewise relaxed for a fixed
number of iterations. These two steps are repeated until the coarsest level has been
reached. The whole process is then reversed: each approximation is interpolated and
relaxed on to the next finer grid. Thisprocessisrepeated until thefinest grid isreached.
The above procedure correspondsto acomplete “v-cycle’ asillustratedin Figure2. An
approximation of the solution is attained by going through a fixed number of such v-
cyclesuntil convergence. In practice, themulti-gridisan order of magnitudefaster then
straightforward relaxation. However, this method is very memory intensive for large
three-dimensiona domains. Therefore, we propose an alternative method of solution
corresponding to afinite element scheme.

4.2 Blob Finite Element Method

We obtain an aternate finite representation of the diffuse intensity by expanding it into
aset of basis functions. We have chosen to experiment with a “blob representation” of
theintensity field [18]:

1) = 1/p(x) Y i G(x — xi, 7).

=1

where m;, x; and o; model the mass, center and size of the blob, respectively. The
smoothing kernel depends usually on distance aone and is taken here to be a Gaussian
“bell” function. By inserting this representation into Eq. 6 and setting x = x;
(j=1,---,N)weobtainaset of N equations:

N
Z mZIZ(VK?(X])VG” — Oz(X]')GZ']') + S(X]') =0,
i=1

where G;; = G(x; — x;,04)/p(x;). This method is actudly a collocation method
[1Q]. Care should be taken that the centers of the blobs are not too proximate, to avoid
numerical instabilities. The system can be solved by LU decomposition when the
number of blobsis below 200 or so [12].

5 Applications and Results

5.1 Light Beam in a Constant Density Atmosphere

In the first application we show the effects of the various parameters of the diffusion
equation for a simple case of a constant density pg illuminated by a beam of light.
For simplicity, the propagation is limited to a two-dimensional domain. We assume
that the initial intensity So of the beam is concentrated on the lower part of the plane



corresponding to the z-axis. Then the source term of the diffusion equation can be
computed andytically [6]:

S(z,y) = po (05 + 050:/04r 1) So(x) eXp(—pooy).

Theflux Q; ; appearing in the boundary conditions can be computed likewise to be:
Q= TS (hi) ep(—o1p0hi)(0, 1)

We haveimplemented the multi-gridfinite difference scheme onagrid of size 512 x 512
with a“v”-cycle of depth 5. Only three relaxation steps were performed on each level.
The solution of the diffusion equation took approximately 30 seconds on an SGI Indigo
with an RS4000 processor. The following pictures depict both the diffuse intensity and
the sources. Figure 3 shows the effects of the following parameters on the diffusion
process: abedo Q, extinction cross-section o, and thefirst moment of the phasefunction
1. As predicted, the diffusionis strongest for forward scattering in high albedo media.

5.2 Non-Constant Densities

Now we apply the diffusion approximation to a participating medium with a non-
congtant density distribution lit by a directional light source from above. We assume
that the density is modelled as a superposition of the N Gaussian blobs [18]. In this
case, the diffuse intensity drops off to zero at the edge of the density and the boundary
conditions are satisfied naturally by the blob finite elements [10]. Asin the previous
example we used a two-dimensional domain. Each picture was rendered by assuming
that the domain has a certain thickness!. Thefina intensity for each pixel (z, y) isthen
calculated by:

Hz,y) = 7(2,Y) Ipaer + (1 — 7(2,9))L;; where 7(x,y) = exp (—Utp(l‘, y)l) ,

where x = ¢h and y = hj. In our pictures we have set [ = 100 and the background
colour .. to blue. We have computed solutionsfor two different numbers of blobs.
The results are shown in Figure 5 and are compared to a multi-grid finite difference
solution. The top pictures display the source term for each method. The sourcetermis
sampled at thecenter of each blobinthefiniteelement method. Thepicturesat thebottom
show theresult after diffusion. The resultsdemonstrate that the diffusion approximation
does a fairly good job at approximating the solution given by the multi-grid scheme.
Thisisachieved by using adiscretization, which isan order of magnitude more efficient
bothinterms of storage (76 versus 5122 = 262144 el ements) and computation time (0.2
versus 30 seconds). The blob solution could be used in an interactive graphics package.

5.3 Other Applications

Another potentia application is the calculation of diffuse light from surfaces due to
subsurface scattering. Hanrahan and Krueger cal cul ated the effect of multiplescattering
in the sub-surface layer using a Monte-Carlo simulation technique [5]. The multi-grid
diffusion scheme could be used on a thin dlice corresponding to one of the subsurface



layers. The source intensity driving the diffusion processis equa to the refracted light
incident on the surface. However, because boundary conditions are only approximate
in the diffusion approximation, the results of such asimulation might not be sufficiently
accurate.

6 Conclusionsand Future Research

Inthispaper we have presented and expl ored appli cationsof thediffusion approximation
from transport theory to computer graphics. We have introduced amulti-grid solutionto
thisequation that is efficient for nearly two-dimensional (thin slice) domains. In three-
dimensions, this method suffers from the problems associated with grid-based methods:
high computation costs and high storage requirements. To aleviate this problem, we
have proposed an efficient finite e ement method based on Gaussian blobsto calculate
the effects of multiplescattering in mediawith non-constant densities. The blob method
gives afairly good approximation, using far less memory and computation time. The
accuracy of the diffusion approximationitself has not been tested rigorously. Weintend
to compare our results with the solutions obtained via Discrete Ordinates [8].
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A Proof of Angular Smoothing Due to Multiple Scattering

Boththephase functionand theangular component of theintensity field can be expanded
into spherical harmonics[16, 2]:

00 l
p(s-s’) = 3D p¥ () Yim(s),
=0 m=-1

00 v

I(x,s8) = Z Z Iy ot (X) Y0 i (),

U'=0m'/=—1'

in particular po = 47 and p; = 27 u/3. We are not concerned with the exact form of
the harmonics. However, we do use the property that they form an orthonormal basis
of the functions defined on the unit sphere:

Yf/’:m/(s)YLm (S) ds = 6l’yl(sm’ym-
47

Consequently, asingle scatter event becomes a simple multiplication by the coefficients
of the phase function:

SUGs) = 30 Y pli (Vi (s) o A Vi (8) Vi s (57) "

'm’ Im



A (%)Y (5):

Im

The accumul ative effect on the intensity field of n scattering events at alocation x can
be expressed through the scattering functiona S (see Eq. 2) as

00 {
S} x,8) = SHS{I ) = Y0 D0 (25) L (3)Yim ().

=0 m=-1

This last expression tends towards Ip o(x) as » tends towardsinfinity. Thisisa conse-
guence of the fact that each coefficient p; is strictly smaller than 4= in absolute value,
withtheexception of thefirst one. Thisdemonstratesthat thedependence of theintensity
field diminishes as the number of scatter events n increases.
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Fig. 3. Effect of Varying Q, o, and i



Fig. 4. Non-Constant Densities



