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Abstract

Subdivisionrules havetraditionally beendesignedto generate smoothsurfacesfrom polygonalmeshes.In this
paperweproposeto employsubdivisionrulesasa polygonalmodelingtool, speci�cally to addadditional level
of detail to meshes.However, existingsubdivisionschemeshaveseveral undesirable propertiesmakingthemill
suitedfor polygonalmodeling. In this paperweproposea general setof subdivisionruleswhich providesusers
with morecontrol over thesubdivisionprocess.Mostexistingsubdivisionschemesarespecialcases.In particular,
weprovidesubdivisionruleswhich blendapproximatingsplinebasedschemeswith interpolatoryones.Also,we
generalizesubdivisionto allow anynumberof re�nementsto beperformedin a singlestep.

1. Intr oduction

Subdivisionsurfaceshaverecentlyemergedasthemostpop-
ularmodelingtool in computergraphics.This is notsurpris-
ing sincethesesurfacescombinethebene�tsof bothpolygo-
nal andsplineNURBSmodeling.Subdivision surfaces,like
NURBS,allow usersto modelsmoothsurfacesby manipu-
lating a smallsetof controlvertices.Unlike NURBS,how-
ever, thereis noconstrainton theconnectivity of thecontrol
vertices.

The �rst subdivision schemeswereproposedin the late
seventies1 � 3, while later researchhasfocusedgenerallyon
thepropertiesof the limit surface,suchassmoothness14� 19

andevaluation16. Propertiesof subdivisionsurfacesarenow
well understood,makingthemattractive in designapplica-
tions.But, subdivision is rarelyusedasa polygonalmodel-
ing tool. Very little attentionhasbeendevotedto the in�u-
enceof the�rst coupleof subdivisionstepsonthe�nal shape
of thesurface.However, in practiceit turnsoutthattheinitial
subdivision stepsgreatlyin�uence theshapeof thesurface.
In this paperwe addressthis problemby addingmorepa-
rametersto the subdivision rulesthusproviding moreuser
control.This is in contrastwith previousresearchwherethe
shapeof the surfacewas improved by changingthe initial
controlmesh,not thesubdivision rulesthemselves6.

An importantapplicationof our new subdivision rulesis
thegenerationof level of detailonarbitrarymeshes.Wewill

Fig. 1-a Fig. 1-b Fig. 1-c

Figure 1: Each re�nementstepof the Catmull-Clarkalgo-
rithm shrinkstheconvex areas.Thedifferencebetweentwo
levelsis strongestalongthesilhouetteof themodels.

demonstratethatour schemescanef�ciently compresssuch
modelsfor transfersoversmallbandwidthnetworks.

2. Moti vation

Currentsubdivision rulesappliedto theproblemof generat-
ing level of detailsuffer from two majorlimitations.Firstly,
the mostpopularspline-basedschemes1 � 3 � 13 producesur-
facesthat approximatethe basemesh.The limit surface,
especiallyin locally convex areas,is smallerthanthe base
mesh.This is becausethe re�ned control meshesprogres-
sively shrink towardsthe limit surface.Consequently, no-
ticeable“popping effects” occur when switching between
meshesatdifferentlevelsof resolution.
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Fig. 2-a Fig. 2-b Fig. 2-c

Figure 2: Each Catmull-Clark re�nement increasesthe
numberof facesby four, thus makingfew levels of detail
availablein practice.

Figure1 showsone(1-a)andtwo (1-b)Catmull-Clarkre-
�nements appliedto the samecube.Figure1-c shows the
differencebetweenthesetwo meshes.Darkareascorrespond
to larger differencesand are mainly concentratednearthe
silhouetteof the mesh.The differenceis even larger if we
comparethe initial cubewith the �rst subdivision level (3-
d).Althoughthedifferencesarelessimportantbetween�ner
levelsof subdivision,they remainsubstantialfor the�rst few
levels.

Interpolatoryschemeshavealsobeenproposed5 � 9 � 11, but
they suffer from the oppositeproblem.Limit surfacestend
to bulgeout of the polygonalcontrol mesh,andsuccessive
subdivision stepsconvergeto a surfacethat is too big. They
alsointroduceundesirableundulationsin there�ned meshes.

Anotherproblemwith currentsubdivisionschemesis that
the numberof re�ned facesgrows exponentiallywith the
numberof subdivisions. In many applications,we want to
increasethenumberof facesby anarbitrarynumberinstead
of somepowerof four (Catmull-Clark)asshown in Figure2.
This problemwaspartially addressedwith the introduction
of � 3-subdivisionschemes10� 11, wherethenumberof trian-
glesincreasesonly by a factorof threeat eachsubdivision
step.However, in theseschemesthenumberof trianglesstill
increasesexponentiallyby a power of threeandthey do not
seemto extend to quadrilateralsor schemesof higherde-
gree.Finally, theseschemesdo not preserve the initial tri-
angleboundaries,which leadsto a suddenchangein color
or textureinterpolationbetweentwo consecutivesubdivision
levels. In practice,this meansthatevena simpleobjectcan
only bere�ned threeor four timesbeforethe level of detail
databasebecomestoo large. It turnsout that this constraint
on thenumberof re�nementsis generallytoo small to ef�-
ciently control thegeometry's resolutionin a real time ren-
deringapplication.

3. From Approximation to Inter polation

In orderto addressthesilhouetteproblem,weproposeasin-
gle parameterizedschemewhich is a blendof an approxi-
matingandaninterpolatingscheme.Wewill show thatthese
intermediaterulesdoabetterjob atpreservingthesilhouette
andthevolumeof themeshes.

Fig. 3-a Fig. 3-b Fig. 3-c

Fig. 3-d Fig. 3-e

Figure 3: Silhouetteimprovementusing our new scheme.
Figure 3-b was built using Catmull-Clark algorithm,
while 3-b usesour method.Thebottomrow showtheimage
differenceis bothcases.

Our work is basedon subdivision rulesbuilt asa succes-
sion of a linear subdivide operatorfollowed by a number
of smoothingsteps17. This framework is generalenoughto
work for bothtriangularandquadrilateralmeshes,andpro-
ducesuniform B-splinesof any odddegreep on theregular
partof themesh.We introduceanextra vertex moving step
on thesubdividedgeometryto handleinterpolation.

3.1. The Curve Case

As is usually the casein subdivision papers,we will �rst
describeour schemesin a curve settingandthengeneralize
themto surfaces.

3.1.1. Subdivision Into any Number of Pieces

Stam17 showedthatB-splinesof odddegreep couldbesub-
divided by �rst linearly subdividing the control meshand
then performingm �

p � 1
2 smoothingsteps.Eachstepin-

volvesaveraginga vertex with its immediateneighborsus-
ing the �

1
4

1
2

1
4 �

weights.The novelty over the well known
Lane-Riesenfeldalgorithm 12 is that this schemeperforms
two averagingstepsat onceandthereforeleavesthecontrol
vertices“in place.”

Stam's resultrelieson thefactthatthesubdivision masks
arerelatedto thebinomialcoef�cients 2. Thebinomialcoef-
�cients areeasilycomputedusingPascal's triangle:

1
1 �

1 1
1
2 �

1 2 1
1
4 �

1 3 3 1
1
8 �

1 4 6 4 1
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a � 0 a �

1
2 a � 1

Figure 4: Re�nementsteps1, 2, and limit curve of our
scheme, usingdegreethreeinterpolationanddifferenta val-
ues.A divisionvalued � 2 wasusedfor each step.

For example,from thelast line we obtainthesubdivision
masksfor B-splinecurvesof degreethree.Every old vertex
is updatedusingthe �

1
8

6
8

1
8 �

weights,while thenew vertices
areinsertedbetweentheold verticesusingthe �

4
8

4
8 �

masks.
Thecrucialobservationis thatthesetwo masksareobtained
by simplyapplyingthe �

1
4

1
2

1
4 �

maskto thesecondrow, which
correspondsto thesubdivisionrulesof linearsubdivision.In
fact,thisconstructionis easilygeneralizedto any numberof
subdivisionsd. In this casewe generalizethe Pascaltrian-
gle to take theaverageof thed elementsin therow directly
above it:

1
1 1

1 2 1

1
1 1 1

1 2 3 2 1

1
1 � � � 1

1 2 � � � d � � � 2 1

This gives us a recipe similar to the one found in
Stam 17 to compute the correspondingmasks for these
subdivision schemes.First linearly subdivide eachsegment
into d pieces,then smooth each vertex using the mask
1
d2 � 1 � 2 ��� � � � d ��� � � � 2 � 1

�

. In the limit this processgeneratesB-
splinecurvesof degree2m

�

1 if thesmoothingis appliedm
times.SeeChui's monograph2 for a rigorousproof.

3.1.2. Blending Inter polating and Approximating
Schemes

In order to limit the amountof shrinking characteristicof
approximatingsubdivision schemes,we proposeto addan
extra stepwhich updatesthe position of the verticesafter
smoothing.We call this a push-back step:eachoriginal ver-
tex is movedbacktowardsits originalpositionby anamount

controlledby the user. Newly introducedverticesare also
adjustedby linear interpolationof theadjustedoriginal ver-
tices.We denoteby Pj the new verticesobtainedby subdi-
viding theoriginal verticesP

�

i . In therestof thepaper, “: � ”
denotesassignment,while “ � ” denotesa true equality of
two quantities.In thesenotations,the�rst stepis:

Pdi : � P
�

i (1)

Pdi � k : �

d � k
d

P
�

i
�

k
d

P
�

i � 1 � 0 � k � d (2)

This stepis followed by a smoothingstepthat modi�es
theverticesPi :

Pi : �

1
d2

�

dPi
�

k 	 d

å
k 
 1 �

d � k �

�

Pi � k
�

Pi � k ��
 (3)

Finally, thesmoothingstepis followedby apush-backof
thesenew vertices:

Di : � a
�

P
�

i � Pdi � (4)

Pdi : � Pdi
�

Di (5)

Pdi � k : � Pdi � k
�

d � k
d

Di
�

k
d

Di � 1 0 � k � d (6)

All evaluationsaredonein parallelin a “Jacobimanner”
to avoid any side effects. In practicethis requiresthe use
of anintermediatearrayto storethevertices'positions.The
volumeparametera controlsthetransitionfrom approxima-
tion to interpolation.Whena � 0 thereis nopush-backstep
andthe subdivision schemeproducesuniform B-splinesin
thelimit. Ontheotherhand,whena � 1 ourschemesarein-
terpolatory. Figure4 shows thein�uence of theparametera
on thesubdividedcontrolverticesafterseveralre�nements.

When the degree p is greaterthanthree,the smoothing
andpush-backstepsarerepeatedp � 1

2 times.In particular,
when p � 3 andd � 2, only onesmoothingandonepush-
backstepareperformed.In thiscasewecanexplicitly write
down thesubdivisionmatrixappliedto � veconsecutivecon-
trol vertices:

M ��� �

�

�

��

2 � 2a 4
�

3
�

a � 2 � 2a 0 0
� a 8

�

a 8
�

a � a 0
0 2 � 2a 4

�

3
�

a � 2 � 2a 0
0 � a 8

�

a 8
�

a � a
0 0 2 � 2a 4

�

3
�

a � 2 � 2a

���

�

�

�

�

��

�

�

��

P2i � 2
P2i � 1
P2i

P2i � 1
P2i � 2

���

�

�

�

�

�

1
16

M ��� �

�

�

��

P
�

i � 2
P

�

i � 1
P

�

i
P

�

i � 1
P

�

i � 2

���

�

�

�

�

(7)
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Fig. 5-a Fig. 5-b

Figure5: Subdivisionof quadrilaterals andtriangles.Each
subdivisionproducesV, E, andF vertex types.Faceswith 5
andmoreverticesusethequadrilateral subdivisionrule.

In particular, when a � 1, the P2i are moved back ex-
actly to their original position P

�

i , and we obtain the well
known four point interpolationscheme,with �

� 1
16

9
16

9
16

� 1
16 �

weights4.

3.2. Generalizationto Surfaces

Thesurfacecaseis similar to thecurveone:weperformone
bilinearsubdivisionstepfollowedby asmoothingstep.

3.2.1. Binary Subdivisions

We �rst de�ne our rules for binary subdivision schemes
whend � 2.Weintroducethefollowing notations.Thenum-
berof elementsin a setA is denotedby A� . Theverticesof
themeshbeforeasubdivisionsteparedenotedbyV

�

i . During
a subdivision steptheseverticesare transformedinto new
verticesVi . At thesametime new verticesEi areintroduced
by splitting eachedge,andnew verticesFi are introduced
for eachfaceasin Figure5. Let P bea vertex of themesh,
then �

�

P � is the set containingall the verticessharingan
edgewith P. Theset �

�

P� containsthe“cornervertices:”the
verticessharinga facewith P not in �

�

P� . To illustratethese
de�nitions refertoFigure5where�

�

V2 � ��� E2 � E3 � E5 �

, and
�

�

E3 � ��� E1 � E2
�

.

In therestof this paperwe will focusentirelyon quadri-
lateralschemes.However, triangularschemescanbetreated
in a similar way, with the exceptionthat thereareno face
verticesFi, and �

�

V � is alwaysempty. In fact, our images
wereproducedfrom meshescontainingsimultaneouslytri-
anglesand quadrilaterals.Only the subdivision stepmust
distinguishbetweenthosetwo typesof faces.

Stamprovidesdifferentsmoothingrulesfor the vertices
that result in uniform B-splinesurfacesin the limit on the
regular part of the mesh17. The simplestsmoothingalgo-
rithm whichcorrespondsto “repeatedaveraging”20 replaces
eachvertex by aweightedaverageof its directneighbors:

Ni ���

�

Vi �

� (8)

Fig. 6-a Fig. 6-b. a � 0 Fig. 6-c.a � � 7

Fig. 6-d.a � 0 Fig. 6-e.a � � 7

Fig. 6-f Fig. 6-g

Figure6: In�uenceof parametera onsilhouettechanges.

Vi : �

1
4

Vi
�

1
2Ni

å
P �
	�� Vi 


P
�

1
4Ni

å
P ���
� Vi 


P (9)

Catmull-Clark surfaces are obtained with a different
choicefor theweights:

Vi : �

Ni � 3
Ni

Vi
�

2
N2

i
å

P �
	�� Vi 


P
�

1
N2

i
å

P ���
� Vi 


P (10)

We observe that Formulae9 and 10 are identical when
Ni � 4. This comesas no surprisesince both of these
schemesproduce uniform B-spline surfaces on regular
meshes(Ni � 4 everywhere).We furtherobserve that,when
Ni �

� 4, the Catmull-Clarkrule canbe obtainedby follow-
ing Formula9 with an adjustmentof all the extraordinary
vertices:

di �

�

4
Ni

� 1� Vi
�

Ni � 4
Ni

V
�

i (11)

�

Ni � 4
Ni

�

V
�

i � Vi � (12)

Vi : � Vi
�

gdi (13)

Theparametergallows usto interpolatebetweenthetwo
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b � 0 b �

1
2

b �

1
2 b � 1

Figure7: In�uenceof b parameter. Theoriginal cubeis dis-
playedaswireframe.

schemes.Not only does this adjustmentunify thesetwo
schemes,but it simpli�es theimplementationof theCatmull-
Clark subdivision: a simplesmoothingfollowedby a vertex
updatestep.

Following the curve case,the simplestpush-backstepis
to computethe differencesDi betweenV

�

i andVi , followed
by a(bi-)linearinterpolationof thesedifferencesfor thenew
Ei andFi vertices.

D
�

Vi � � a
�

V
�

i � Vi � (14)

D
�

Ei � �

1
2

�

D
�

V0 �

�

D
�

V1 � � (15)

D
�

Fi � �

1
�

�

Fi �

�

å
Ek �
	�� Fi 


D
�

Ek � (16)

�

1
�

�

Fi �

�

å
Vk ���
� Fi 


D
�

Vk � (17)

In Figure6wedemonstratehow thea parameterimproves
thesilhouettedifferencebetweena polygonalobjectandits
re�nements.Figure6-ais theoriginal model,while Figures
6-bthrough6-eillustratethe�rst andsecondre�nementsfor
a � 0 (Catmull-Clark)anda � � 7. Figure6-f (resp.6-g) is
the differencebetween6-a and 6-d (resp.6-e). During an
animation,the poppingeffect canbe substantiallyreduced
by choosinganappropriatea value.

However, closeto verysharpcornersourschemetendsto
create�at areasaroundthe facecenters.The reasonis that
a bilinear interpolationof vectorsof the samelengthwith

d � 2 d � 3

Figure8: Each faceis dividedin d
�

d smallerone.

F1
F2

F3

V3

V2

V1

F1
F2

V2

V1

F1
F2

V2

V1

Figure 9: Vertex [face] neighborhoods� k [ � k] are de�ned
byaddingonemore ring to thepreviousset.

differentanglesproducessmallervectorsat thecenterof the
faces.Thisis awell know artifactof certainrenderers,which
do not renormalizevertex normalsafter interpolation,and
consequentlyproducedarker areasin thefacecenters.

Wecan�x thisproblemby introducinga renormalization
stepfor theinterpolationof theDvectors.Thisisachievedby
interpolatingthe lengthanddirectionof theD vectorssepa-
rately. To smooththetransitionbetweenthesenew rulesand
theoneswithout thenormalization,weintroducearounding
factorparameterb.

l
�

Ei � � b
� �

D
�

V0 �

� �

�

� �

D
�

V1 �

� �

2
� �

D
�

Ei �

� �

�

1 � b (18)

l
�

Fi � � b
åVk �
	�� Fi 


� �

D
�

Vk �

� �

�

�

Fi �

�

� �

D
�

Fi �

� �

�

1 � b (19)

D
�

Ei � : � l
�

Ei � D
�

Ei � (20)

D
�

Fi � : � l
�

Fi � D
�

Fi � (21)

Whenb � 0 thereisnorenormalization,whilewhenb � 1
the lengthsof the D are exactly interpolated.In the case
b

�

� 0 our subdivision rules do not reproduceuniform B-
splineson the regular part of the meshin the limit. This
doesn't mattersincewedonotuseourrulesto generatelimit
surfaces.Figure7 illustrateshow our meshesaredeformed
whenb is increased.For a cube,b �

1
2 producesthe most

“rounded”meshes.Notethatin this examplewe have g � 0
(noCatmull-Clark)to emphasizethe�attening problem.

3.2.2. Subdivision Into any Number of Pieces

For regular meshesthe correspondinglimit surfacesS
�

s� t �

are equalto a tensorproductof uniform B-spline curves.
Therefore, the subdivision schemefor these surfaces is

c
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simply a linear subdivision stepfollowed by a smoothing
stepwith a maskequalto the tensorproductof the mask
1
d2

�

1 � 2 ��� � � � d ��� � � � 2 � 1� derivedin Section3.1.1.

Theserules are naturally extendedto irregular regions.
In practice,it turns out that it is easierto decomposethe
smoothingstepinto two simpleaveragingsteps.Theaverag-
ing stepis differentdependingon whetherd is oddor even.
In theoddcasewe replaceeachvertex by a simpleaverage
of its k-ring neighborhood,wherek �

d � 1
2 . Whend is even,

eachaveragingstepreplaceseachfacewith a vertex that is
the averageof the k-ring of verticessurroundingit, where
k �

d
2 . Thenew verticesafter this stepform thedualof the

initial mesh.In practice,however, the dual is never explic-
itly computedsincetheaveragingstepis alwaysperformed
twice(anevenamountin generalsinceweconsideronlyodd
degreesp in this paper).Indeed,after two dualizationsthe
verticesareagain“in place.”

More formally, let � k
�

Vi � bethesetof all verticeswhich
canbereachedfrom Vi by traversingat mostk facesandlet

� k
�

Vi � denotethe correspondingsetof the facestraversed.
See�gure 9 for someexamples.Wealsode�ne asetof face
neighborhoodsby � k

�

Fi � ��� V � Fi � k
�

V � .

Usingthesede�nitions wecanexplicitly statethesmooth-
ing steps.Whend is odd,we applythefollowing rule p � 1
times,wherek �

d � 1
2 :

Vi : �

1
� k

�

Vi �

�

å
Vj ��� k � Vi 


Vj (22)

When d is even the procedureonly works for odd de-
greesp. We set the neighborhoodto k �

d
2 , andwe apply

therule (23) p � 1
2 timesfollowedby (24):

Fi : �

1
� k

�

Fi �

�

å
Vj ��� k � Fi 


Vj (23)

Vi : �

1
� k

�

Vi �

�

å
Fj ��� k � Vi 


Fj (24)

In practice,welimited ourapplicationto odddegreesonly
sothatno constraintis necessaryon thenumberof subdivi-
sionsd.

3.3. Catmull-Clark Correction

The Catmull-Clarkcorrectionstepde�ned by Formula 11
wasintroducedfor thecased � 2 andis only appliedto the
extraordinaryverticesof themesh.For arbitrarydivisionsd
weobservethatthiscorrectiononly in�uencesasmallneigh-
borhoodaroundeachextraordinaryvertex. More precisely,
this correctionnever propagatesfurther than two rings of
facesaroundtheextraordinaryvertex asshown in Figure10.

1 0 0

000

000 0

0

0

0

0000

0 0 0 0

0

0

0 0

14

416

6

624

24

36

Figure10: Catmull-Clarkcorrectionweightsof the�r st two
steps,along the Ni � 4

Ni
�

V
�

i � Vi � vector. Weightsin the right
imageare meantto bedividedby64.

In addition,the correctionis only noticeablein the �rst
coupleof subdivision steps.The �rst subdivision steppro-
ducesthe most visible changewhich from Formula 11 is
equalto Ci �

Ni � 4
Ni

�

V
�

i � Vi � . Subsequentsubdivisionspro-
ducechanges,wiCi , which areproportionalto the �rst one
by a weightwi . It is possibleto computetheseweightsex-
actlyfor the�rst coupleof subdivisionsteps.Thesesampled
weightsthende�ne apiecewisebilinearfunctionon theunit
squarethatcanbeusedto computethecorrespondingweight
valueswhend is apower of two. For moregenerald values
theweightscanbeinterpolatedfrom this function.

In practice,however, wefoundthatasimilarbehavior can
be achieved usingthe push-backstepdescribedin the next
section.The effect of the Catmull-Clarkcorrectioncanbe
emulatedby usinga highera valueandby adjustingthe b
parameter. This is apparentin Figure7, whereavalueb �

1
2

producesa “rounded” sphericalshapedespitethe fact that
g � 0.

3.4. Push-backStep

Thepush-backis similar to thed � 2 casedescribedabove:
we �rst computethe D valuesfor the original verticesand
thenupdatethenewly introducedverticesusingbilinear in-
terpolation.In a similar fashionwe canusethe normalized
interpolationof theDvaluesto keepthelengthsequal.

For even d, the push-backstepcanonly be appliedafter
Rules(23) and (24) have beenapplied.This is becauseit
doesn't make any senseto apply the push-backto the “in-
termediate”verticesFi which areonly usedtemporarilyto
computethe new vertex positions.To make our algorithm
consistentfor every numberof divisionsd, we restrictour
algorithm to only perform the push-backfor odd d when
Rule(22) is appliedtwice.

We �rst intendedto usea smootherinterpolationof theD
values,but aftersomeexperimentationwith higherorderin-
terpolationschemeswe concludedthatthedifferenceswere
toosmallto justify amoreexpensive interpolant.
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4. Application to Level of Detail

The motivation behindour work wasto provide userswith
asimplesmoothingtool for polygonalmeshes.Thesmooth-
ing operationallows usersto createre�ned versionsof their
models.Crucial to the successof sucha model is that the
transitionsbetweenthe different resolutionsof the meshes
arealmostimperceptible.

In practice,we found that our new subdivision scheme
worked bestwhen we useda push-backstepwith a �

1
2 ,

b �

1
2 andg � 0. Indeed,thesearethedefault valuesof our

smoothingtool. Of course,we exposetheseparametersto
theartistwhocanfreelyexploretheeffectof varyingthepa-
rametersto meether particularneeds.Although this might
be tricky, it is a huge improvementover currentpractice,
whereartistssometimeshave to adjustindividual verticesat
eachlevel of re�nement.With ourmodel,on theotherhand,
artistsonly have to worry abouta few parametersat each
level.

Sendingthedifferentlevelsof detailof themeshto a re-
motevieweris alsomuchmoreef�cient with ourrepresenta-
tion. Insteadof sendingthecoarsemeshandtheupdatesfor
eachlevel of resolutionasin the progressive meshescom-
pressionscheme8, we only requirea few numericalparam-
etersto besentfor eachlevel. Consequently, remoteviewers
canalmostinstantlyview any level of themeshre�nement.
Of courseour schemeis not asgeneralas the progressive
meshescompressionscheme,but wefoundthatin practiceit
appliesto many interestingshapes.

Even when the higher resolution meshesare supple-
mentedwith asetof detailoffsetsfor eachvertex webelieve
that our approachoffers a betterstartingpoint for the base
meshesand resultsin substantialsavings in both memory
andspeed.

5. Results

The imagesin Figure 11 show meshesof a gamecharac-
ter at different levels of detail. The �rst imageshows the
basemesh.Subsequentimagesare createdusing our new
subdivision schemewith differentresolutions,rangingfrom
d � 2 to d � 7. In eachcasewe set our parametersto
a � � 5 � b � 0 � g � 0 � p � 3.Noticethatthereis very little dif-
ferencein thesilhouettebetweenthe levels.Applying stan-
dardapproximatingsubdivision schemesto the basemesh
would have resultedin moreshrinkingandrestrictedus to
only threedifferentlevelsdueto theexponentialincreasein
thenumberof verticeswith eachsubdivision.

We alsoperformedsomeanimationtestswherewe inter-
actively switchbetweendifferentlevelsof detaildepending
on thedistanceof themodelto thecamera.Thedogimages
in the color platewereextractedfrom onesuchtest.Com-
pare the sequencecomputedusing the standardCatmull-
Clark (left column) to the onescomputedusing our new
scheme(right column).

Figure11: Eightdifferentresolutionsof thesamemodel
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The bottom two imagesin the Color Platedemonstrate
thattexturecoordinatescanbeinterpolatedin thesameman-
ner. Thesemodelswereusedin an actualgamewherelow
resolutiontexturesare crucial to keepthe texture memory
consumptionaslow aspossible.

6. Conclusion

In this paperwe have presenteda novel setof subdivision
rulesspeci�cally designedfor the problemof creatingdif-
ferentlevels of detail for meshes.Our modelsdependon a
few parametersthatanartistcanadjustto achievevariousef-
fects.Existingapproximatingandinterpolatingsubdivision
schemesarespecialcasesof our new scheme.The advan-
tagesof our new schemeover existing onesis that (1) we
provide usercontrol over the amountof shrinkingand(2)
weallow arbitraryre�nementswhichdo notgrow exponen-
tially. Thesetwo featuresmake subdivision schemesmore
attractive in therealmof polygonalmodeling.

Our new rules are quite easyto implement.The entire
subdivision systemwascodedasa MAYA plug-in in only
roughly500 linesof C++ code.We wereableto interactin
realtimewith ourmodelsonarelativelymodestdesktopma-
chine(O2, R5000).Of course,this wastrue only whenour
divisionnumberd wasapproximatelybetween2 and6.

Oursubdivisionschemesallow bothquadrilateralsandtri-
anglesto co-exist in a meshandits re�ned versions.This is
in contrastto existing subdivision schemeswhich generate
mesheswhich are either all trianglesor all quadrilaterals.
Artists often want to keepboth trianglesand quadrilater-
als in their models.Also it is well known that trianglesin
a basemeshcreateartifactsin the re�ned mesheswhen a
quad-basedsubdivision schemeis used.Thereasonthatwe
canincorporatebothtrianglesandquadrilateralssimultane-
ouslyin our subdivision schemeis thatour schemeis based
on a decompositionof the rulesinto a linear stepfollowed
by smoothing.

7. Futur ework

A straightforwardextensionof ourmodelis to allow ourpa-
rametersto varyon themesh.Thesevaluescouldbepainted
ontothemeshby theartist for additionalcontrol,for exam-
ple. However, we found that our currentschemeprovided
enough�e xibility with the a � b andg parameters�x ed for
eachlevel. On the other hand,allowing the parametersto
vary in very localizedregionscould still be helpful in cer-
tainapplications.

In this paperwe have ignoredthe propertiesof the limit
surfacesgeneratedby ourschemes.Thereasonfor thisomis-
sion is that we are interestedsolely in the shapeof a �-
nitenumberof intermediatemeshes,not in thelimit surface.
On theotherhandour new schemesmight beusefulin sur-
facedesignaswell. In this caseit is importantto studythe

smoothnessof the limit surface.At this point it is not clear
how the smoothnessdependson our parameters.We leave
thisasanopenproblemfor futureresearch.

Also, we did not pay muchattentionto creasesandob-
ject boundaries.Boundariesandcreasescan be dealtwith
by applyingour curve rulesto thecorrespondingpolylines.
Vertex creasesaremoredif�cult to handle.This is because
creasedverticesarenot updatedduringour smoothingstep.
Consequentlythepush-backvertex is alwayszero,resulting
in undesirablewrinklesin themeshes.Morework is needed
in thiscaseto improve thebehavior of there�ned shape.

Finally, we found that the optimal setof parameters,es-
pecially a, dependson the cameraposition.This is partic-
ularly visible for a simpleobject like a cube,wherelarger
valuesof a arerequiredwhenviewedfrom theside.Oneso-
lution would beto allow theuserto specifydifferentvalues
of a for differentviewsof anobject.Oursystemwould then
automaticallyinterpolatea valuesfor intermediateviewing
positionsasthecameramoves.
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Catmull-Clark a � � 5

coarsemesh a � � 7 � d � 3
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