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Abstract

Subdivisiorrules havetraditionally beendesignedo geneate smoothsurfacesfrom polygonalmeshesin this
paperwe proposeto employsubdivisionrules as a polygonalmodelingtool, speci cally to add additional level
of detail to meshesHowever, existing subdivisionschemeshavesereral undesiable propertiesmakingthemill

suitedfor polygonalmodeling In this paperwe proposea geneal setof subdivisionrules which providesuses
with more contol overthesubdivisiorprocessMostexistingsubdivisiorschemesre specialcasesin particular,
we provide subdivisiorruleswhich blendapptoximatingsplinebasedschemeswith interpolatoryones.Also, we
genealize subdivisiorto allow any numberof re nementgo beperformedn a singlestep.

1. Intr oduction

Subdvision surfaceshave recentlyemegedasthemostpop-
ularmodelingtool in computegraphicsThisis notsurpris-
ing sincethesesurfacescombinethebene tsof bothpolygo-
nal andsplineNURBS modeling.Subdvision surfaceslike
NURBS, allow usersto modelsmoothsurfacesby manipu-
lating a small setof controlvertices.Unlike NURBS, how-
ever, thereis no constrainbnthe connectiity of thecontrol
vertices.

The rst subdvision schemesvere proposedn the late
seventies? 3, while later researcthasfocusedgenerallyon
the propertiesof thelimit surface,suchassmoothnes$? 19
andevaluation18. Propertieof subdvision suriacesarenow
well understoodmakingthemattractive in designapplica-
tions.But, subdvision is rarely usedasa polygonalmodel-
ing tool. Very little attentionhasbeendevotedto thein u-
enceof the rst coupleof subdvisionstepsonthe nal shape
of thesurface However, in practicet turnsoutthattheinitial
subdvision stepsgreatlyin uence the shapeof the surface.
In this paperwe addresshis problemby addingmore pa-
rametergto the subdvision rulesthus providing more user
control. Thisis in contrastwith previousresearctwherethe
shapeof the surfacewasimproved by changingthe initial
controlmesh not the subdvision rulesthemseles®.

An importantapplicationof our new subdvision rulesis
thegeneratiorof level of detailon arbitrarymeshesWe will
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Fig.1-a

Fig.1-b Fig.1-c

Figure 1: Each re nementstepof the Catmull-Clarkalgo-
rithm shrinksthe corvex areas.Thedifferencebetweertwo
levelsis strongestalongthe silhouetteof the models.

demonstratéhatour schemesanef ciently compressuch
modelsfor transfersover smallbandwidthnetworks.

2. Motivation

Currentsubdvision rulesappliedto the problemof generat-
ing level of detail suffer from two majorlimitations. Firstly,

the most popularspline-basedchemes 3 13 producesur

facesthat approximatethe basemesh.The limit surface,
especiallyin locally corvex areasjs smallerthanthe base
mesh.This is becausehe re ned control meshegrogres-
sively shrink towardsthe limit surface. Consequentlyno-

ticeable“popping effects” occur when switching between
meshest differentlevels of resolution.
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Fig.2-a Fig.2-b Fig. 2-c

Figure 2: Each Catmull-Clark re nement increasesthe
numberof facesby four, thus makingfew levels of detail
availablein practice

Figurel shavs one(1-a)andtwo (1-b) Catmull-Clarkre-
nements appliedto the samecube.Figure 1-c shavs the

differencebetweerthesewo meshesDarkareasorrespond

to larger differencesand are mainly concentratechearthe
silhouetteof the mesh.The differenceis even larger if we
comparethe initial cubewith the rst subdvision level (3-
d). Althoughthedifferencesrelessimportantoetweenner
levelsof subdvision, they remainsubstantiafor the rst few
levels.

Interpolatoryscheme$ave alsobeenproposed ° 11, but
they suffer from the oppositeproblem.Limit surfacestend
to bulge out of the polygonalcontrol mesh,and successie
subdvision stepscorvergeto a surfacethatis too big. They

alsointroduceundesirabl@&indulationsn there ned meshes.

Anotherproblemwith currentsubdvision schemess that
the numberof re ned facesgrows exponentiallywith the
numberof subdvisions.In mary applicationswe want to
increasehe numberof facesby anarbitrarynumberinstead
of somepower of four (Catmull-Clark)asshavn in Figure2.
This problemwas partially addressedvith the introduction
of 3-subdiisionschemed? 11, wherethenumberof trian-
glesincrease®nly by afactorof threeat eachsubdvision
step.However, in theseschemeshenumberof trianglesstill
increasesxponentiallyby a power of threeandthey do not
seemto extendto quadrilateralsor schemef higherde-
gree.Finally, theseschemesglo not presere the initial tri-
angleboundarieswhich leadsto a suddenchangen color
ortextureinterpolatiorbetweenwo consecutie subdvision
levels. In practice this meanghat even a simpleobjectcan
only bere ned threeor four timesbeforethe level of detail
databaséecomesgoo large. It turnsout thatthis constraint
on the numberof re nementsis generallytoo smallto ef -
ciently controlthe geometry$ resolutionin a realtime ren-
deringapplication.

3. From Approximation to Inter polation

In orderto addresshesilhouetteproblem we proposea sin-
gle parameterizedchemewhich is a blend of an approxi-
matingandaninterpolatingschemeWe will shav thatthese
intermediataulesdoabetterjob atpreservinghesilhouette
andthevolumeof themeshes.

Fig. 3-a Fig. 3-b Fig. 3-c

Fig. 3-d

Figure 3: Silhouetteimprovementusing our new scheme
Figure 3-b was built using Catmull-Clark algorithm,
while 3-b usesour method Thebottomrow showtheimage
differenceis bothcases.

Fig. 3-e

Ourwork is basedon subdvision rulesbuilt asa succes-
sion of a linear subdvide operatorfollowed by a number
of smoothingsteps!’. This frameawvork is generakenoughto
work for bothtriangularandquadrilaterameshesandpro-
ducesuniform B-splinesof ary odd degreep ontheregular
partof the mesh.We introducean extra vertex moving step
onthesubdvided geometryto handleinterpolation.

3.1. The Curve Case

As is usually the casein subdvision papers,we will rst
describeour schemesn a curve settingandthengeneralize
themto surfaces.

3.1.1. Subdivision Into any Number of Pieces

Stam!’ shavedthatB-splinesof odddegreep couldbesub-
divided by rst linearly subdviding the control meshand
then performingm pTl smoothingsteps.Eachstepin-
volvesaveraginga vertex with its immediateneighborsus-
ing the 131 weights. The novelty over the well known
Lane-Riesenfeldlgorithm 12 is that this schemeperforms
two averagingstepsat onceandthereforeeavesthe control

vertices'in place’

Stams resultrelieson the factthatthe subdvision masks
arerelatedto thebinomialcoefcients 2. Thebinomialcoef-
cients areeasilycomputedisingPascals triangle:

1331
1 46 41

0ol PR NI R
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a o a 3 a 1

Figure 4: Re nementsteps1, 2, and limit curve of our
schemeusingdegreethreeinterpolationanddifferenta val-
ues.Adivisionvalued 2 wasusedfor ead step.

For example,from thelastline we obtainthe subdvision
masksfor B-splinecurvesof degreethree.Every old vertex

is updatedusingthe 382 weights,while the new vertices

areinsertedbetweerthe old verticesusingthe g4 masks.
Thecrucialobserationis thatthesetwo masksareobtained
by simplyapplyingthe 331 maskto thesecondow, which
correspondso thesubdvisionrulesof linearsubdvision. In
fact,this constructioris easilygeneralizedo ary numberof
subdvisionsd. In this casewe generalizehe Pascaltrian-
gle to take the averageof the d elementsn therow directly

aboveit:

1
11
1 12d 21

1
11 1
121 12

W e

1
2

This gives us a recipe similar to the one found in
Stam 17 to computethe correspondingmasksfor these
subdvision schemesFirst linearly subdvide eachsegment
into d pieces,then smooth each vertex using the mask
alg 12 d 21.Inthelimit this procesggenerated-
splinecurvesof degree2m 1 if thesmoothings appliedm
times.SeeChui's monograpt? for arigorousproof.

3.1.2. Blending Inter polating and Approximating
Schemes

In orderto limit the amountof shrinking characteristiof
approximatingsubdvision schemesye proposeto add an
extra stepwhich updatesthe position of the verticesafter
smoothing We call this a push-bak step:eachoriginal ver-
tex is movedbacktowardsits original positionby anamount

¢ TheEurographic#ssociatiorandBlackwell Publisher2001.

controlledby the user Newly introducedverticesare also
adjustedoy linearinterpolationof the adjustedoriginal ver-
tices.We denoteby P; the new verticesobtainedby subdi-
viding the original verticesP, . In therestof thepaper*: ”
denotesassignmentwhile “ " denotesa true equality of
two quantitiesIn thesenotationsthe rst stepis:

Psi : PR 1)
d
Pai « : g R HP' 1 0 k d @

This stepis followed by a smoothingstepthat modi es
theverticesP:

k d

o

dd a d kR B 3
K 1

1
R: =

Finally, the smoothingstepis followed by a push-baclof
thesenew vertices:

D: aR Py 4)

Psi 0 Pai D )

d k k
Psi k © Pui & TD aDlo k d (8

All evaluationsaredonein parallelin a “Jacobimanner”
to avoid ary side effects. In practicethis requiresthe use
of anintermediatearrayto storethe vertices'positions.The
volumeparametera controlsthetransitionfrom approxima-
tionto interpolationWhena 0 thereis no push-baclstep
andthe subdvision schemeproducesuniform B-splinesin
thelimit. Ontheotherhandwhena 1 ourschemesrein-
terpolatoryFigure4 shavs thein uence of the parametea
onthesubdvided controlverticesafter severalre nements.

Whenthe degree p is greaterthanthree,the smoothing
and push-backstepsare repeatede1 times.In particular
whenp 3andd 2, only onesmoothingandonepush-
backstepareperformedIn this casewe canexplicitly write
down thesubdvision matrixappliedto ve consecutie con-
trol vertices:

2]
o
o

2 2a 43 a

2 2
a 8 a 8

a a 0
M 0 2 2a 43 a 2 2a 0
0 a 8 a 8 a a
0 0 2 2a 43 a 2 2a
Py 2 R
Py 1 1 B
Pi EM P (7)
Py 1 R
Py 2 P
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V'o vV Vo E, V,
El FO E2
V', % V, E; V,
Ej Es
VIS V3
Fig.5-a Fig.5-b

Figure 5: Subdivisiorof quadrilaterls andtriangles.Eac
subdivisiorproduces/, E, andF vertex types.Faceswith 5
andmore verticesusethe quadrilaterl subdivisiorrule.

In particular whena 1, the Py are moved back ex-
actly to their original position P;, and we obtain the well
known four point interpolationschemewith 2 % 15 12

weights?.

3.2. Generalizationto Surfaces

Thesurfacecaseis similarto thecurve one:we performone
bilinearsubdvision stepfollowed by a smoothingstep.

3.2.1. Binary Subdivisions

We rst de ne our rules for binary subdvision schemes
whend 2. Weintroducethefollowing notationsThenum-
berof elementdn a setA is denotedby A . The verticesof
themeshbeforeasubdvisionsteparedenotedyV, . During
a subdvision steptheseverticesare transformednto new
verticesV,. At the sametime new verticesk; areintroduced
by splitting eachedge,and new verticesF areintroduced
for eachfaceasin Figure5. Let P be a vertex of the mesh,
then P is the setcontainingall the verticessharingan
edgewith P. Theset P containghe“cornervertices:"the
verticessharingafacewith P notin P . Toillustratethese
de nitionsreferto FigureSwhere V, E; E3 Es ,and
=) E; E .

In the restof this paperwe will focusentirelyon quadri-
lateralschemesHowever, triangularschemesganbetreated
in a similar way, with the exceptionthat thereare no face
verticesF;, and V is alwaysempty In fact, our images
were producedfrom meshesontainingsimultaneouslytri-
anglesand quadrilateralsOnly the subdvision step must
distinguishbetweerthosetwo typesof faces.

Stamprovides differentsmoothingrulesfor the vertices
thatresultin uniform B-spline surfacesin the limit on the
regular part of the mesh??. The simplestsmoothingalgo-
rithm which correspondgo “repeatedaveraging” replaces
eachvertex by aweightedaverageof its directneighbors:

N Vi 8

Fig.6-a Fig.6-ha 0 Fig.6-c.a 7
Fig.6-d.a 0 Fig.6-e.a 7
Fig. 6-f Fig.6-g

Figure 6: In uenceof parametera onsilhouettechanges.

Mo AP L AP O
Vi PV
Catmull-Clark surfaces are obtained with a different

choicefor theweights:

Ni 3 2 o
Rt P
N N? p avi

1 a p o
N"p "y

We obsere that Formulae9 and 10 are identical when
Ni 4. This comesas no surprisesince both of these
schemesproduce uniform B-spline surfaces on regular
meshegN; 4 everywhere)We furtherobsere that,when
Ni 4, the Catmull-Clarkrule canbe obtainedby follow-
ing Formula9 with an adjustmenif all the extraordinary
vertices:

. 4 . N4,
di N 1V N Vi (11)
N 4
'Ti Vi WV (12)
Vit Vi od (13)

The parameteg allows usto interpolatebetweerthe two
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b 3 b 1

Figure7: In uenceof b parameterTheoriginal cubeis dis-
playedaswireframe

schemesNot only doesthis adjustmentunify thesetwo
schemegyutit simpli es theimplementatiorof theCatmull-
Clark subdvision: a simplesmoothingfollowed by a vertex
updatestep.

Following the cure case the simplestpush-backstepis
to computethe differencesdD; betweenv; andV;, followed
by a(bi-)linearinterpolationof thesedifferencegor thenew
Ej andF; vertices.

DV aVvi Vv (14)
D E %Dw DV; (15)
DF L 3 b& (16)
Ao r
1 o
a4 DW (17)
Fi Vk F

In Figure6 wedemonstratbow thea parameteimproves
the silhouettedifferencebetweera polygonalobjectandits
re nements.Figure6-ais the original model,while Figures
6-bthrough6-eillustratethe rst andseconde nementsfor
a O (Catmull-Clark)anda 7. Figure6-f (resp.6-g)is
the differencebetween6-a and 6-d (resp.6-e). During an
animation,the poppingeffect can be substantiallyreduced
by choosinganappropriatea value.

However, closeto very sharpcornersour schemedendsto
create at areasaroundthe facecentersThe reasonis that
a bilinear interpolationof vectorsof the samelengthwith

¢ TheEurographic#ssociatiorandBlackwell Publisher2001.

d 2 d 3

Figure 8: Each faceis dividedin d d smallerone

Figure 9: Vertex [face] neighborhoods ¢ [ ] are de ned
by addingonemore ring to the previousset.

differentanglegproducesmallervectorsat the centerof the
facesThisis awell know artifactof certainrenderersywhich
do not renormalizevertex normalsafter interpolation,and
consequentlproducedarker areasn thefacecenters.

We can x this problemby introducinga renormalization
stepfor theinterpolatiorof theDvectors Thisis achievedby
interpolatingthe lengthanddirectionof the D vectorssepa-
rately To smooththetransitionbetweerthesenew rulesand
theoneswithoutthenormalizationwe introducearounding
factorparameteb.

D Vo DV,

| E b SDE 1 b (18
a DV,

IF b R =% 1 p (19
FF DF

DE : |E DE; (20)

DF : IFDF (21)

Whenb Othereisnorenormalizationwhilewhenb 1
the lengthsof the D are exactly interpolated.In the case
b 0 our subdvision rules do not reproduceuniform B-
splineson the regular part of the meshin the limit. This
doesnt mattersincewe donotuseourrulesto generatéimit
surfaces Figure7 illustrateshow our meshesaredeformed
whenb is increasedFor a cube,b % produceghe most
“rounded”meshesNotethatin thisexamplewehareg 0
(no Catmull-Clark)to emphasizé¢he attening problem.

3.2.2. Subdivision Into any Number of Pieces

For regular mesheghe correspondindimit surfacesS st
are equalto a tensorproductof uniform B-spline cunes.
Therefore,the subdvision schemefor these surfacesis
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simply a linear subdvision stepfollowed by a smoothing
stepwith a maskequalto the tensorproductof the mask
$12 d 21 derivedin Section3.1.1.

Theserules are naturally extendedto irregular regions.
In practice,it turnsout thatit is easierto decomposehe
smoothingstepinto two simpleaveragingstepsTheaverag-
ing stepis differentdependingon whetherd is odd or even.
In the odd casewe replaceeachvertex by a simpleaverage
of its k-ring neighborhoodwherek d—zl. Whend is even,
eachaveragingstepreplacesachfacewith a vertex thatis
the averageof the k-ring of verticessurroundingit, where
k 4. Thenew verticesafterthis stepform the dual of the
initial mesh.In practice,however, the dualis never explic-
itly computedsincethe averagingstepis alwaysperformed
twice (anevenamountn generakincewe consideonly odd
degreesp in this paper).Indeed,after two dualizationsthe
verticesareagain“in place'’

More formally, let ¢ Vi bethesetof all verticeswhich
canbereachedromV; by traversingat mostk facesandlet

k Vi denotethe correspondingetof the facestraversed.
See gure 9 for someexamplesWe alsode ne asetof face
neighborhoodby  Fi VEKVY.

Usingthesede nitions we canexplicitly statethesmooth-
ing stepsWhend is odd,we applythefollowingrulep 1
times,wherek ~ 951:

1 o
k Vi

AV Vi (22)

Vi «Vi

Whend is even the procedureonly works for odd de-

greesp. We setthe neighborhoodo k %, andwe apply

therule (23) P, timesfollowedby (24):

1

F = a v (23)
KTV R

Vi a F (24)
k Vi Fi o «M

In practicewelimited ourapplicatiorto odddegreesonly
sothatno constraintis necessargn the numberof subdvi-
sionsd.

3.3. Catmull-Clark Correction

The Catmull-Clarkcorrectionstepde ned by Formula1l
wasintroducedfor thecased 2 andis only appliedto the
extraordinaryverticesof the mesh.For arbitrarydivisionsd
weobserethatthiscorrectiononly in uencesasmallneigh-
borhoodaroundeachextraordinaryvertex. More precisely
this correctionnever propagategurther than two rings of
facesaroundtheextraordinaryertex asshavn in Figurel0.

36 24 6 0 0

1 0 0

24 16 4 0 0

6 4 1 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0 0 0 0

Figure 10: Catmull-Clarkcorrectionweightsof the r sttwo
stepsalongthe Nc% Vi Vi vector Weightsin the right
image are meantto bedividedby 64.

In addition, the correctionis only noticeablein the rst
coupleof subdvision steps.The rst subdvision steppro-
ducesthe most visible changewhich from Formula 11 is
equalto G MNi—“ V, 'V, . Subsequensubdvisionspro-
ducechangesw;C;, which are proportionalto the rst one
by aweightw;. It is possibleto computetheseweightsex-
actlyfor the rst coupleof subdvision stepsThesesampled
weightsthende ne apiecavisebilinearfunctionontheunit
squardhatcanbeusedo computehecorrespondingveight
valueswhend is a power of two. For moregeneral values
theweightscanbeinterpolatedrom thisfunction.

In practice howvever, we foundthata similarbehaior can
be achieved usingthe push-backstepdescribedn the next
section.The effect of the Catmull-Clarkcorrectioncanbe
emulatedby usinga highera valueandby adjustingthe b
parametefThisis apparenin Figure7, whereavalueb %
producesa “rounded” sphericalshapedespitethe fact that
g O.

3.4. Push-backStep

Thepush-backs similartothed 2 casedescribedabore:

we rst computethe D valuesfor the original verticesand
thenupdatethe newly introducedverticesusingbilinearin-

terpolation.In a similar fashionwe canusethe normalized
interpolationof the D valuesto keepthelengthsequal.

For even d, the push-baclkstepcanonly be appliedafter
Rules(23) and (24) have beenapplied. This is becauset
doesnt male ary senseto apply the push-backto the “in-
termediate’verticesF; which are only usedtemporarilyto
computethe new vertex positions.To make our algorithm
consistenfor every numberof divisionsd, we restrictour
algorithmto only perform the push-backfor odd d when
Rule(22)is appliedtwice.

We rst intendedto usea smootheiinterpolationof the D
values but aftersomeexperimentatiorwith higherorderin-
terpolationschemesve concludedhatthe differencesvere
too smallto justify amoreexpensve interpolant.
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4. Application to Level of Detall

The motivation behindour work wasto provide userswith
asimplesmoothingool for polygonalmeshesThesmooth-
ing operatiorallows usersto createre ned versionsof their
models.Crucial to the succes®f sucha modelis that the
transitionsbetweenthe differentresolutionsof the meshes
arealmostimperceptible.

In practice,we found that our new subdvision scheme
worked bestwhenwe useda push-backstepwith a %
b % andg 0. Indeedthesearethe default valuesof our
smoothingtool. Of course,we exposetheseparameterso
theartistwho canfreely exploretheeffect of varyingthe pa-
rametergo meether particularneeds Although this might
be tricky, it is a hugeimprovementover currentpractice,
whereartistssometimesave to adjustindividual verticesat
eachlevel of re nement.With our model,ontheotherhand,
artistsonly have to worry abouta few parameterst each
level.

Sendingthe differentlevels of detail of the meshto are-
motevieweris alsomuchmoreef cient with ourrepresenta-
tion. Insteadof sendingthe coarsemeshandthe updategor
eachlevel of resolutionasin the progressie meshesom-
pressionscheme®, we only requirea few numericalparam-
etersto besentfor eachlevel. Consequentlyremoteviewers
canalmostinstantlyview ary level of themeshre nement.
Of courseour schemeis not as generalas the progressie
meshegompressioschemebut we foundthatin practiceit
appliesto mary interestingshapes.

Even when the higher resolution meshesare supple-
mentedwith a setof detailoffsetsfor eachvertex we believe
that our approactoffers a betterstartingpoint for the base
meshesandresultsin substantiakavings in both memory
andspeed.

5. Results

The imagesin Figure 11 shav meshesf a gamecharac-
ter at differentlevels of detail. The rst imageshavs the
basemesh.Subsequenimagesare createdusing our new

subdvision schemeawith differentresolutionsrangingfrom

d 2tod 7.In eachcasewe setour parameterso

a 5b 0g O0p 3. Noticethatthereisverylittle dif-

ferencein the silhouettebetweenrthe levels. Applying stan-
dard approximatingsubdvision schemego the basemesh
would have resultedin more shrinking andrestrictedus to

only threedifferentlevelsdueto the exponentialincreasen

thenumberof verticeswith eachsubdvision.

We alsoperformedsomeanimationtestswherewe inter-
actively switch betweendifferentlevels of detaildepending
onthedistanceof the modelto thecameraThedogimages
in the color plate were extractedfrom one suchtest. Com-
pare the sequencecomputedusing the standardCatmull-
Clark (left column)to the onescomputedusing our new
schemgright column).

¢ TheEurographic#ssociatiorandBlackwell Publisher2001.

Figure 11: Eightdifferentresolutionsof the samemodel
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The bottomtwo imagesin the Color Platedemonstrate
thattexturecoordinateganbeinterpolatedn thesameman-
ner Thesemodelswereusedin an actualgamewherelow
resolutiontexturesare crucial to keepthe texture memory
consumptioraslow aspossible.

6. Conclusion

In this paperwe have presentedh novel setof subdvision
rules speci cally designedor the problemof creatingdif-

ferentlevels of detail for meshesOur modelsdependon a
few parameterthatanartistcanadjustto achieve variousef-

fects.Existing approximatingandinterpolatingsubdvision
schemesre specialcasesf our newv schemeThe adwan-
tagesof our nev schemeover existing onesis that (1) we
provide usercontrol over the amountof shrinkingand (2)
we allow arbitraryre nementswhich do notgrow exponen-
tially. Thesetwo featuresmalke subdvision schemesnore
attractie in therealmof polygonalmodeling.

Our new rules are quite easyto implement.The entire
subdvision systemwas codedasa MAYA plug-inin only
roughly 500 lines of C++ code.We wereableto interactin
realtimewith ourmodelsonarelatively modestlesktopma-
chine (0?, R5000).0f course this wastrue only whenour
division numberd wasapproximatelyjbetweer? and6.

Oursubdvisionschemesallow bothquadrilateralgndtri-
anglesto co-exist in ameshandits re ned versionsThisis
in contrastto existing subdvision schemesvhich generate
mesheswhich are either all trianglesor all quadrilaterals.
Artists often want to keep both trianglesand quadrilater
alsin their models.Also it is well known that trianglesin
a basemeshcreateartifactsin the re ned meshesvhena
guad-basedubdvision schemds used.Thereasorthatwe
canincorporatebothtrianglesand quadrilateralsimultane-
ouslyin our subdvision schemas thatour schemas based
on a decompositiorof the rulesinto a linear stepfollowed
by smoothing.

7. Futurework

A straightforvard extensionof our modelis to allow our pa-
rametergo vary onthemesh.Thesevaluescouldbe painted
ontothe meshby the artistfor additionalcontrol,for exam-
ple. However, we found that our currentschemeprovided
enough e xibility with thea b andg parametersx ed for
eachlevel. On the other hand,allowing the parameterdo
vary in very localizedregions could still be helpful in cer
tain applications.

In this paperwe have ignoredthe propertiesof the limit
surfacegyeneratethy ourschemesThereasorfor thisomis-
sion is that we are interestedsolely in the shapeof a -
nite numberof intermediataneshesnotin thelimit surface.
Onthe otherhandour new schemesnight be usefulin sur
facedesignaswell. In this caseit is importantto studythe

smoothnessf thelimit surface.At this pointit is not clear
how the smoothnesslependson our parametersWe leave
thisasanopenproblemfor futureresearch.

Also, we did not pay muchattentionto creasesand ob-
ject boundariesBoundariesand creasescan be dealt with
by applyingour cune rulesto the correspondingpolylines.
Vertex crease@re moredif cult to handle.Thisis because
creasederticesarenot updatedduring our smoothingstep.
Consequentlyhe push-backrertex is alwayszero,resulting
in undesirablevrinklesin themeshesMore work is needed
in this caseto improve thebehaior of there ned shape.

Finally, we found that the optimal setof parameterses-
pecially a, dependn the cameraposition. This is partic-
ularly visible for a simple objectlike a cube,wherelarger
valuesof a arerequiredwhenviewedfrom theside.Oneso-
lution would beto allow the userto specifydifferentvalues
of a for differentviews of anobject.Our systemwould then
automaticallyinterpolatea valuesfor intermediateviewing
positionsasthecameranoves.
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