
Space DeformationSpace Deformation

Inspired by the fantastic work of many peopleInspired by the fantastic work of many people

Alexis AngelidisAlexis Angelidis

Graphics & Vision Lab Graphics & Vision Lab -- Otago UniversityOtago University
2004



IntroductionIntroduction
•• Earliest reference in Graphics: Earliest reference in Graphics: 19841984 [A. Barr’84][A. Barr’84]

•• Space deformation is also called Space deformation is also called freefree--form modelingform modeling or or warpingwarping

•• Space deformation is a Space deformation is a class of techniquesclass of techniques

•• Some are Some are popularpopular for modeling and animation: for modeling and animation: 
Maya® & 3D Studio®Maya® & 3D Studio®



What is a space What is a space 
deformation?deformation?

•• A A mapping mapping from from IRIRnn to to IRIRnn

2D example:2D example:

•• How is it How is it usefullusefull??
–– Modelling/animation:                            Modelling/animation:                            −−−−−−−− Morphing: Morphing: 

from from IRIR33 to to IRIR33 from from IRIR22 to to IRIR22

object made of pointsobject made of points

ff

ff
f f ((pp))

p .p . ..

Willow (1988), From Morf to Morphing, FoxWillow (1988), From Morf to Morphing, Fox

•• How do people How do people definedefine f f ??



The most simple The most simple 
space deformations space deformations (1/3)(1/3)

•• Affine transformations: Affine transformations: 
–– Scale, Translation, Rotation …Scale, Translation, Rotation …

•• ScaleScale

ff

sppf =)(
Short :Short :

ff applies to all the point in applies to all the point in IRIR33

Matrix Form :Matrix Form :
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The most simple The most simple 
space deformations space deformations (2/3)(2/3)

Short :Short : Matrix Form :Matrix Form :

tppf
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•• TranslationTranslation
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The most simple The most simple 
space deformations space deformations (3/3)(3/3)

ff
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Matrix Form :Matrix Form :
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•• RotationRotation



How does it get How does it get 
useful?useful?

•• Matrix = constant, everywhere…Matrix = constant, everywhere…

•• Deforming is all about controlDeforming is all about control
–– Axial Space DeformationsAxial Space Deformations
–– Surface Space DeformationsSurface Space Deformations
–– Lattice Space DeformationsLattice Space Deformations
–– Specialized Space DeformationsSpecialized Space Deformations

[P.Decaudin’96]

[B. Crespin’96]

[T.Sederberg,S.Parry’86]



Global Deformation Global Deformation (1/3)(1/3)
[A. Barr’84][A. Barr’84]

•• scale scale →→→→→→→→ tapertaper

zz
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•• rotation in rotation in yy →→→→→→→→ bendbend

Global Deformation Global Deformation (2/3)(2/3)
[A. Barr’84][A. Barr’84]
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•• rotation in rotation in zz →→→→→→→→ twisttwist
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Extended Global Extended Global 
Deformation Deformation (3/3)(3/3)

[C.Blanc’95][C.Blanc’95]
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•• translation in translation in xx →→→→→→→→ shearshear •• scale in scale in θθθθθθθθ →→→→→→→→ mouldmould
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•• scale in scale in xx →→→→→→→→ pinchpinch
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More controlMore control (1/2)(1/2)
[Y.K.Chang and A.P.Rockwood’94][Y.K.Chang and A.P.Rockwood’94]

•• One variable, One variable, zz, is not enough control, is not enough control

xx 00
zz 00

..xx 11

zz 11..

xx 22 zz 22..

xx 33

zz 33

..

pp 00

pp 11

pp 22

pp 33

f( pf( pz z ))..

zz

xx

..

pp



More controlMore control (2/2)(2/2)
[Y.K.Chang and A.P.Rockwood’94][Y.K.Chang and A.P.Rockwood’94]

•• Bézier curveBézier curve

Initial shapeInitial shape

and more…and more…

bendbendswellswelltapertaperstretchstretch twisttwist
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  where

•• ExamplesExamples



•• and if initial shape is bent?and if initial shape is bent?

•• Limitation of previous methods: control along straight axisLimitation of previous methods: control along straight axis

•• [B. Crespin’96][B. Crespin’96] proposes initially bent axis (and surface)proposes initially bent axis (and surface)
•• 3 steps for the artist3 steps for the artist

–– Input initial parametersInput initial parameters
–– Freeze parametersFreeze parameters
–– Input deformation parametersInput deformation parameters

M’M’

p’ .p’ .

MM

p .p .

c .c .

ff

ff

ff

axisaxis

planeplane

Generalized AxisGeneralized Axis
[B. Crespin’96][B. Crespin’96]

[B. Crespin’96]

Initial curveInitial curve

Fast hierarchical closetFast hierarchical closet--point algorithmpoint algorithm

Frozen curveFrozen curve



Wires Wires (1/3)(1/3)
[K.Singh & E.Fiume’98][K.Singh & E.Fiume’98]

•• wire wire ≡≡≡≡≡≡≡≡ armature used by sculptorsarmature used by sculptors
RR reference curvereference curve
WW wire curve wire curve 
FF density functiondensity function

•• Deformation = three stepsDeformation = three steps

•• The density function modulates The density function modulates 
each stepeach step

–– scale factorscale factor s s F(p)F(p)
–– rotation anglerotation angle q q F(p)F(p)
–– translation vectortranslation vector t t F(p)F(p)

RR

WW

..

RR

ppss ..

RR

pprr ..

WW

. p. ptt

..

RR
ScaleScale TranslateTranslateRotateRotate

[K.Singh & E.Fiume’98][K.Singh & E.Fiume’98]

WW

p .p .

FF



Wires Wires (2/3)(2/3)
[K.Singh & E.Fiume’98][K.Singh & E.Fiume’98]

Double translationDouble translation Normalized translationNormalized translation
(with neglected artefacts)(with neglected artefacts)

•• Multiple wiresMultiple wires

•• How do they blend?How do they blend?

[K.Singh & E.Fiume’98][K.Singh & E.Fiume’98]

[K.Singh & E.Fiume’98][K.Singh & E.Fiume’98]



Wires Wires (3/3)(3/3)
[K.Singh & E.Fiume’98][K.Singh & E.Fiume’98]

•• Blending multiple wiresBlending multiple wires
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OutlineOutline

•• More control…More control…
–– Axial Space DeformationsAxial Space Deformations
–– Surface Space DeformationsSurface Space Deformations
–– Lattice Space DeformationsLattice Space Deformations
–– Specialized Space DeformationsSpecialized Space Deformations

[P.Decaudin’96]

[B. Crespin’96]

[T.Sederberg,S.Parry’86]



Lattice Space DeformationLattice Space Deformation

),( pvfpp ijkvdef
�

�+=

),( ppfp ijkpdef =

ijkv�ijkv�

ppijkijk

•• 2 interpretations 2 interpretations 
–– A blured grid of displacement A blured grid of displacement vectorsvectors

•• physical analogy:physical analogy: flux flux of a fluidof a fluid
electromagnetic electromagnetic fieldfield

•• more insight: more insight: straight pathstraight path fromfrom
source to destinationsource to destination

–– A blurred grid of new A blurred grid of new positionspositions
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Vector fieldsVector fields

•• Examples in 2DExamples in 2D



•• Influence curves, in each dimension. 5x5 lattice in 2D :Influence curves, in each dimension. 5x5 lattice in 2D :

•• Easy to find Easy to find pp’s coordinates in the lattice ’s coordinates in the lattice 
•• Limitation: the lattice is regularLimitation: the lattice is regular

BernsteinBernstein
.. ........

.. ........ .. ........
.. ........

.. ........ .. ........

p .p .

..
..

..
..

..

..

..

..

..

..
ff((pp)) ..

ff

1. in 1. in xx

2. in 2. in yy

Blurring a vector field Blurring a vector field 
[T.Sederberg & S.Parry’86][T.Sederberg & S.Parry’86]

(or B(or B--Spline, …)Spline, …)
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•• [A. Barr’84] [B. Crespin’96][A. Barr’84] [B. Crespin’96] deformation constant along deformation constant along 
a straight axis/plane or a bent axis/planea straight axis/plane or a bent axis/plane

•• More control: vectors specified at points, and smooth them outMore control: vectors specified at points, and smooth them out

Basic FFD Basic FFD (1/2)(1/2)
[T.Sederberg & S.Parry’86][T.Sederberg & S.Parry’86]

.  p.  p

Vector fieldVector field

)( pv� )( pv�.    p.    p
f(p)f(p)
..

ff

StepsSteps
•• Place latticePlace lattice
•• Move control pointsMove control points
•• Apply the field to the pointsApply the field to the points

[T.Sederberg & S.Parry’86]



Basic FFD Basic FFD (2/2)(2/2)
[T.Sederberg & S.Parry’86][T.Sederberg & S.Parry’86]

•• Examples of applicationExamples of application
•• ModelingModeling

•• AnimationAnimation
[T.Sederberg & S.Parry’86]



Extended FFD Extended FFD -- Structured Lattice Structured Lattice 
[S.Coquillart’90][S.Coquillart’90]

•• Initially deformed latticeInitially deformed lattice
–– cells are not cubes. They are small 4x4x4 FFDcells are not cubes. They are small 4x4x4 FFD

ff

ff

p .p . p .p .

•• Drawbacks:Drawbacks:
numerical computation of local coordinates in a deformed latticenumerical computation of local coordinates in a deformed lattice
tedious connection of cellstedious connection of cells



SFFD SFFD (1/2)(1/2)
[R.MacCracken & K.Joy’96][R.MacCracken & K.Joy’96]

face pointface point
edge pointedge point
vertex pointvertex point

cell pointcell point

There is no parameterizationThere is no parameterization
for subdivision surfaces/latticesfor subdivision surfaces/lattices

How is a point assignedHow is a point assigned
lattice coordinates?lattice coordinates?

•• Lattice Lattice ≡≡≡≡≡≡≡≡ subdivision volumesubdivision volume
rich variety of lattices & continuity across facesrich variety of lattices & continuity across faces

•• Subdivision rules for Subdivision rules for 

[R.MacCracken & K.Joy’96] 



SFFD SFFD (1/2)(1/2)
[R.MacCracken & K.Joy’96][R.MacCracken & K.Joy’96]

point location: path through subdivision + local cell coordinatepoint location: path through subdivision + local cell coordinatess

p .p .

p p ..

44--cellcell [R.MacCracken & K.Joy’96] 

•• rich variety of lattice shapes and topologyrich variety of lattice shapes and topology
–– after 1after 1stst subdivision: all cells are nsubdivision: all cells are n--cellscells

33--cellcell 44--cellcell

55--cellcell



SFFD SFFD (2/2)(2/2)
[R.MacCracken & K.Joy’96][R.MacCracken & K.Joy’96]

ff

p .p .

p .p .

•• find position of find position of pp in lattice and hold local coordinatesin lattice and hold local coordinates
•• move latticemove lattice
•• Trace new position of Trace new position of pp in new lattice using local coordinatesin new lattice using local coordinates

[R.MacCracken & K.Joy’96] 



•• Lattice defined Lattice defined over arbitrary points:over arbitrary points:

FFD FFD -- Avoiding Lattice (3/3)Avoiding Lattice (3/3)
[L.Moccozet & N.Magnenat[L.Moccozet & N.Magnenat--Thalman’97]Thalman’97]

ff

A

va
pv i

ii∑
=

�

� )(

p .p . aa55

aa11 aa22

aa33

aa44

p .p .

cc11
cc22

cc33

cc44

cc55
p .p . AA

•• VoronoVoronoïï cellscells
•• Sibson coordinates Sibson coordinates ≡≡≡≡≡≡≡≡ linear interpolant, linear interpolant, 

(smoothed out with multivariate Bernstein polynomials)(smoothed out with multivariate Bernstein polynomials)

[L.Moccozet & N.Magnenat-Thalman’97] 



About explicit latticesAbout explicit lattices

•• Instead of a lattice, pairs of…Instead of a lattice, pairs of…

←←←←←←←← no control pointsno control points

•• In FFD, EFFD, SFFD… : too many In FFD, EFFD, SFFD… : too many control points control points ⇒⇒⇒⇒⇒⇒⇒⇒ selfself--occlusionocclusion
•• ControlControl--points = preset handlespoints = preset handles
•• A Single Control point cannot A Single Control point cannot ““grabgrab”” the surface.  The surface slips.the surface.  The surface slips.

pp1 1 ..
pp3 3 .. . . pp22

pp1 1 ..
pp3 3 .. . . pp22

vv33

vv22

vv11

qq3 3 ..

. . qq22

qq1 1 ..
pp1 1 ..
pp3 3 .. pp22

..

point and image s point and image s ((ppii, , qqii)) point and displacement points point and displacement points ((ppii,, vvii))

© 2001 PDI/DreamWorks

3 techniques with no explicit lattice definition…3 techniques with no explicit lattice definition…



•• how can we find the how can we find the vvijkijk that satisfy the pairs given by the artist that satisfy the pairs given by the artist (v(vii, p, pii) ) ??

Circumventing the Lattice with FFDCircumventing the Lattice with FFD (1/2)(1/2)
[W.Hsu J.Hughes & H.Kaufman’92][W.Hsu J.Hughes & H.Kaufman’92]
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•• Deduce control points from constraints on pointsDeduce control points from constraints on points



•• Find a matrixFind a matrix’’s pseudos pseudo--inverseinverse

ff
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•• Too many constraints Too many constraints ⇒⇒⇒⇒⇒⇒⇒⇒ system oversystem over--determineddetermined
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[W.Hsu et al.][W.Hsu et al.]

[W.Hsu et al.][W.Hsu et al.]

Circumventing the Lattice with FFDCircumventing the Lattice with FFD (2/2)(2/2)
[W.Hsu J.Hughes & H.Kaufman’92][W.Hsu J.Hughes & H.Kaufman’92]



•• BB does not have to be a filter. It could be anythingdoes not have to be a filter. It could be anything
–– PolynomialsPolynomials
–– Piecewise Polynomials (BPiecewise Polynomials (B--SplineSpline))

•• Enables to generalize FFD to Enables to generalize FFD to IRIRn n 

•• Hard to predict behaviourHard to predict behaviour

Circumventing the Lattice Circumventing the Lattice 
with polynomial basis functionswith polynomial basis functions

[P.Borrel & D.Bechmann’91][P.Borrel & D.Bechmann’91]
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pp2 2 .. ..
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•• SCODEF: triplets   SCODEF: triplets   
•• B B is a radial basis functionis a radial basis function
•• naïve deformation :naïve deformation :

Circumventing the Lattice with RBFCircumventing the Lattice with RBF
[P.Borrel & A.Rappoport’94][P.Borrel & A.Rappoport’94]
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•• Finding the Finding the wwii ⇔⇔⇔⇔⇔⇔⇔⇔ finding the inverse of a square matrixfinding the inverse of a square matrix

•• All in a matrix:All in a matrix:

[P.Borrel & A.Rappoport’94][P.Borrel & A.Rappoport’94]

•• exact control : replace exact control : replace vvii with some with some wwii



OutlineOutline

•• More controlMore control
–– Axial Space DeformationsAxial Space Deformations
–– Surface Space DeformationsSurface Space Deformations
–– Lattice Space DeformationsLattice Space Deformations
–– Specialized Space DeformationsSpecialized Space Deformations

[P.Decaudin’96]

[B. Crespin’96]

[T.Sederberg,S.Parry’86]



•• Insert an object of volumeInsert an object of volumeV V in spacein space

•• Restrictions:Restrictions:
–– cc inside toolinside tool
–– discontinuous at discontinuous at cc

Controlled Volume increaseControlled Volume increase
[P.Decaudin’96][P.Decaudin’96]

ffc .c .

p .p .
rr

ρρρρρρρρ 3 33)( ρ++= rcpf
ff((pp)) ..

ff

ff
c c inside shape:inside shape:
Volume is increased by Volume is increased by VV

c c outside shape:outside shape:
volume is maintainedvolume is maintained

c .c .

c .c .

c .c .

c .c .

[P. Decaudin’96][P. Decaudin’96]



ReversibleReversible
[Y.Kurzion & R.Yagel’97][Y.Kurzion & R.Yagel’97]

•• Deforming a shape Deforming a shape ⇔⇔⇔⇔⇔⇔⇔⇔ undeforming rays. 4 local operators:undeforming rays. 4 local operators:

Topology changeTopology change

Modeling by composition of operatorsModeling by composition of operators

TranslateTranslate TwistTwist

ScaleScale

Application: exploring volume dataApplication: exploring volume data



‘‘Implicit’’ FFD‘‘Implicit’’ FFD
[B. Crespin’96][B. Crespin’96]

•• Single toolSingle tool

•• Idea: Idea: 
replace SCODEF’s expensive parameter tuning with cunning blendinreplace SCODEF’s expensive parameter tuning with cunning blendingg

–– partitions of unity blending :partitions of unity blending :

–– Combination functions :Combination functions :

∑

∑ −
+=

i i

i ii

p
ppfp

ppf
)(

))()((
)(

ϕ
ϕ

))()(()( ppfpppf −+= ϕ

φφφφφφφφ11 φφφφφφφφ11 φφφφφφφφ11

φφφφφφφφ22 φφφφφφφφ22φφφφφφφφ22

∑

∑ ∆Γ
+=

i i

i iii

p
ppp

ppf
)(
)()(

)(
ϕ
ϕ

[B. Crespin’96][B. Crespin’96]



‘‘Implicit’’ FFD‘‘Implicit’’ FFD
[B. Crespin’96][B. Crespin’96]
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Discontinuity at crossing skeletons,Discontinuity at crossing skeletons,
where where 1)( >∑i i pϕ

•• BlendingBlending



SweepersSweepers
[A.Angelidis et al. ’02][A.Angelidis et al. ’02]

•• Tool = Tool = amount of transformationamount of transformation, in , in [0,1][0,1]
–– SmoothSmooth
–– LocalLocal

•• User input = transformationUser input = transformation
–– Translation, scale, rotation,Translation, scale, rotation,

modulated modulated with with 
amount of transformationamount of transformation

•• What is a natural way of taking fraction of a transformation ?What is a natural way of taking fraction of a transformation ?
–– Matrix exponentiationMatrix exponentiation
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SweepersSweepers
[A.Angelidis et al. ’02][A.Angelidis et al. ’02]

•• Blending multiple toolsBlending multiple tools
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OutlineOutline

•• More controlMore control
–– Axial Space DeformationsAxial Space Deformations
–– Surface Space DeformationsSurface Space Deformations
–– Lattice Space DeformationsLattice Space Deformations
–– Specialized Space DeformationsSpecialized Space Deformations

•• More on Space DeformationMore on Space Deformation
–– Morphing, modeling, animation, rendering,Morphing, modeling, animation, rendering,

blending, coherency and volume.blending, coherency and volume.

[P.Decaudin’96]

[B. Crespin’96]

[T.Sederberg,S.Parry’86]



MorphingMorphing

Deformations handle Deformations handle 
change of shapechange of shape
Color is some other functionColor is some other function

2D change of shape & color2D change of shape & color

[Lee, Chwa, Shin’95]



ModelingModeling
•• Apply a series of functions:Apply a series of functions:

)))))((((...()( 01231 SfffffpS nnn −=

•• HistoryHistory
–– undoundo
–– a description of the shape in itselfa description of the shape in itself

[A.Angelidis et al.’04][P.Decaudin’96]



•• Animated deformationAnimated deformation

ff11 ff22

Initial shapeInitial shape

ff00 ff11 ff22

Initial shapeInitial shape

ff00
)))(((...)( 012 SfffpS nn =

)()( 0SfpS nn =

•• Animated modelingAnimated modeling

AnimationAnimation



RenderingRendering
•• Normals/tangentNormals/tangent

•• Undeformable shapesUndeformable shapes
–– Deforming shape Deforming shape ⇔⇔⇔⇔⇔⇔⇔⇔ Undeforming lightUndeforming light
–– Reversible functionsReversible functions

nJnf T �� 1)( −= 
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Blending Blending 

Wires 1 Wires 2

IFFD 1 IFFD 2

Sweepers



Blendeforming Blendeforming (1/2)(1/2)
[D.Mason & G.Wyvill’00][D.Mason & G.Wyvill’00]

•• What is a selfWhat is a self--intersection?intersection?
–– surface incoherencysurface incoherency

•• How can they appear?How can they appear?
–– foldover:  deformation is surjectivefoldover:  deformation is surjective

•• Cure foldover Cure foldover ⇒⇒⇒⇒⇒⇒⇒⇒ bound bound slope slope of deformation.of deformation.

•• Blendeforming: Blendeforming: 
deformation follows lines of flux deformation follows lines of flux ⇒⇒⇒⇒⇒⇒⇒⇒ find a solution for individual lines find a solution for individual lines 

selfself--intersectionintersectionno selfno self--intersectionintersection
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.   q.   q22
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problem solved in 1D problem solved in 1D ⇒⇒⇒⇒⇒⇒⇒⇒ solved in 3Dsolved in 3D
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Blendeforming Blendeforming (2/2)(2/2)
[D.Mason & G.Wyvill’00][D.Mason & G.Wyvill’00]

•• ExamplesExamples
–– Straight lines of fluxStraight lines of flux

–– Circular lines of fluxCircular lines of flux
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FoldoverFoldover--free DMFFD free DMFFD 
[J.Gain & N.Dodgson’01][J.Gain & N.Dodgson’01]
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•• Foldover with FFD: destroys coherencyFoldover with FFD: destroys coherency

•• In 3DIn 3D

•• Cure: decompose large DMFFD in a series of  Cure: decompose large DMFFD in a series of  ““smallsmall--enoughenough”” DMFFDDMFFD

[J.Gain & N.Dodgson’01]



•• Quantity of material :Quantity of material :
preserve volume.preserve volume.

Volume with FFDVolume with FFD
[G.Hirota R.Maheshwari & M.Lin’92][G.Hirota R.Maheshwari & M.Lin’92]



ConclusionConclusion
•• Space Deformation is compatible with vertex shadersSpace Deformation is compatible with vertex shaders
•• Accurate rendering of a deformed shape is still an issueAccurate rendering of a deformed shape is still an issue
•• The race to popularityThe race to popularity

–– Implicit surfaces = scalar fieldImplicit surfaces = scalar field
–– Space deformation = vector field (or worse)Space deformation = vector field (or worse)
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